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Abstract. In the representation theory of reductive p-adic groups G, the 
issue of reducibility of induced representations is an issue of great intricacy. It 
is our contention, expressed as a conjecture in [3], that there exists a simple 
geometric structure underlying this intricate theory. 

We will illustrate here the conjecture with some detailed computations in 
the principal series of G2. 

A feature of this article is the role played by cocharacters he attached to 
two-sided cells c in certain extended afhne Weyl groups. 

The quotient varieties which occur in the Bernstein programme are replaced 
by extended quotients. We form the disjoint union 2t(G) of all these extended 
quotient varieties. We conjecture that, after a simple algebraic deformation, 
the space 2t{G) is a model of the smooth dual Irr(G). In this respect, our 
programme is a conjectural refinement of the Bernstein programme. 

The algebraic deformation is controlled by the cocharacters he- The cochar- 
acters themselves appear to be closely related to Langlands parameters. 
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1. Introduction 

In the representation theory of reductive p-adic groups, the issue of reducibility 
of induced representations is an issue of great intricacy: see, for example, the classic 
article by Bernstein-Zelevinsky [6] on GL(ri) and the more recent article by Muic 
PTj on G2 . It is our contention, expressed as a conjecture in 3 , that there exists a 
simple geometric structure underlying this intricate theory. We will illustrate here 
the conjecture with some detailed computations in the principal series of G2. 

Let F be a local nonarchimedean field, let G be the group of i^-rational points 
in a connected reductive algebraic group defined over and let Irr(G) be the set 
of equivalence classes of irreducible smooth representations of G. 
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Our programme is a conjectural refinement of tlic Bernstein programme, as we 
now explain. Denote by 3(G) the centre of the category of smooth G-modules. 
According to BernsteinfF], the centre 3(G) is isomorphic to the product of finitely 
generated subalgebras, each of which is the coordinate algebra of a certain irre- 
ducible algebraic variety, the quotient D/T of an algebraic variety 13 by a finite 
group r. Let Vl{G) denote the disjoint union of all these quotient varieties. The 
infinitesimal character inf.ch. is a finite-to-one map 

inf.ch. : Irr(G) -> n{G). 

Our basic idea is simple: we replace each quotient variety D/T by the extended 
quotient D//T, and form the disjoint union 2t(G) of all these extended quotient 
varieties. We conjecture that, after a simple algebraic deformation, the space 2t(G) 
is a model of the smooth dual Irr(G). 

The algebraic deformation is controlled by finitely many cocharacters /ic, one for 
each two-sided cell c in the extended afhne Weyl group corresponding to (-D, F). In 
fact, the cells c determine a decomposition of each extended quotient D//T. The 
cocharacters themselves appear to be closely related to Langlands parameters. 

In this article, we verify the conjecture in [3] for the principal series of the p-adic 
group G2 . We have chosen this example as a challenging test case. 

Hence let G = G2 (F) be the group of F-points of a reductive algebraic group of 
type G2 . Let T denote a maximal torus in G2 , and let denote the dual torus in 
the Langlands dual G2 : 

T'' cG'^ = G2(C). 

Since we are working with the principal series of G2, the algebraic variety D has 
the structure of the complex torus . 

Let X(r^) denote the group of characters of and let X^,{T) denote the group 
of cocharacters of T. By duality, these two groups are identified: X^,{T) — X(T^). 
Let ^(T) denote the group of unramified characters of T. We have an isomorphism 

^ x[.(T), t ^ xt 

where 

for a\\tGT'^,(j)G X^{T) = X(r'^), and nj^ is a uniformizer in F. 

We consider pairs (T, A) consisting of a maximal torus T of G and a smooth 
quasicharacter A of T. Two such pairs (Ti,Xi) are inertially equivalent if there 
exists g E G and ip G ^(12) such that 

T2 = Tf and Af = A2 «) V'- 

Here, Tf = g'^Tig and Af : x Xi{gxg-^) for x e Tf. We write [T,A]g for 
the inertial equivalence class of the pair (T, A) and T(G) for the set of all inertial 
equivalence classes of the form [T, A] g ■ 

We wiU choose a point s G 1(G). Let (T, A) G s. We will write 

D' := {X(g)ip -.ip e *(r)} 

for the *(T)-orbit of A in Irr(r). Let W{T) be the Weyl group Ng{T)/T. We set 
(1) W :^ {w eW{T) : w Xe D"}. 

We have the standard projection 
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Section 1: this leads up to our main result, see Theorem 1.4. 
Section 2; we explain the strategy of our proof. 
Section 3: this contains background material on G2. 

Sections 4 — 8: these sections are devoted to our proof, which requires 20 Lem- 
mas. The Lemmas are arranged in a logical fashion: Lemma x.y is a proof of part 
y of the conjecture for the character A of T which appears in section x. These Lem- 
mas involve some detailed representation theory, and some calculations of the ideals 
Jc in the asymptotic algebra J of Lusztig corresponding to the complex Lie group 
S0(4, C). The computation of the ideal JgQ in section 8 is intricate. Our result 
here is especially interesting. We establish a geometric equivalence (see definition 
below) 



where eo is the lowest two-sided cell and X = X® X with x ^ ramified quadratic 
character of . This geometric equivalence has the effect of separating the two 
constituents of an L-packet in the principal series of G2 . 

In 2, §4] we introduced a geometrical equivalence x between finite type k- 
algebras, which is generated by elementary steps of the following three types: 
Morita equivalences, morphisms which are spectrum-preserving with respect to 
filtrations, and deformations of central characters. The assertion that A ^ B will 
mean that a definite geometrical equivalence has been constructed between A and B. 
We would like to emphasize the fact that in ([2]) no deformation of central character 
is used. 

Let Irr(G')^ denote the s-component of Irr(G') in the Bernstein decomposition of 
Irr(G'). We will give the quotient variety /W^ the Zariski topology, and Irr(G')^ 
the Jacobson topology. We note that irreducibility is an open condition, and so 
the set of reducible points in /W^, i.e. those {M,ip ® A) such that when 
parabolically induced to G, tp X becomes reducible, is a sub- variety of T^/W^. 
The reduced scheme associated to a scheme will be denoted X^^^ as in [H] p. 25]. 
In the present context, a cocharacter will mean a homomorphism of algebraic groups 

Let 'H^{G) be the Bernstein ideal of Hecke algebra of G determined by s € 1(G). 
The point s G 1(G) and the two-sided ideal 'H^(G) are said to be toral. Then s is 
toral if and only if /W^ has maximal dimension (that is, 2 here) in f2(G). 



Let G"^ = G2(C) be the complex reductive Lie group dual to G, and let C 
G2(C). We define 



The group is a finite Weyl group and is an extended affine Weyl group 
(that is, the semidirect product of an affine Weyl group by a finite abelian group), 
see Section [2j Let denote the coroot system of W^, and let y(r^) denote 
the group of cocharacters of T^. Then let be the complex Lie group with 
root datum {XiT"^),^^ ,Y{T'^),^^'^). We wiU see that the possible groups H'^ are 
G2(C), GL(2,C), SL(3,C) and S0(4,C). We wiU consider these cases in sections 
4, 6, 7 and 8, respectively. 

For simplicity, we shall assume in the Introduction that has simply connected 
derived group. This will be the case in sections 4, 6 and 7 (not in section 8). 



(2) 



(3) 
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As any extended affine Weyl group, the group is partitioned into two-sided 
cells. This partition arises (together with Kazhdan-Lusztig polynomials) from com- 
parison of the Kazhdan-Lusztig basis for the Iwahori-Hecke algebra of with the 
standard basis. Let Cell(W^) be the set of two-sided cells in W^. The definition of 
cells yields a natural partial ordering on Cell(W£'). We will denote by Cq the lowest 
two-sided cell in W^. 

Let denote the Lusztig asymptotic algebra of the group defined in [T71 
§1.3]: this is a C-algebra whose structure constants are integers and which may be 
regarded as an asymptotic version of the Iwahori-Hecke algebras ,r) of W^, 

where r G . Moreover, admits a canonical decomposition into finitely many 
two-sided ideals = ® >^c' labelled by the the two-sided cells in W^. 

Proposition 1.1. There exists a partition of T^ j jW^ indexed by the two-sided 
cells in W^: 

T^'/fW = y (T^//T4^")c. 
ceCciiCM?;) 

The partition can be chosen so that the following property holds: 

(4) TVw^^c (r7/iy=)e„. 

Remark 1.2. The cell decomposition in Proposition 11.11 is inherited from the 
canonical decomposition of the asymptotic algebra into two-sided ideals J^: 
see dSH), dUl), dnni), dm), and Lemma |4T1 [Ql FTTl \8A\ We wiU also see there that 
the inclusion in ([4]) can be strict. 

We choose a partition 

T^/W = U (T7/T4^^)e, 
ceCciiCM?;) 

so that g]) holds. We wiU call {T'^//W')c the c-component of T'^/fW^. 

We will denote by k the coordinate algebra 0{T'^ /W^) of the ordinary quotient 
T"^ /W^. Then k is isomorphic to the centre of ■H(M?^,r), [H §8.1]. Let 

(5) cj^r-.niwiT)^ r 

be the C-algebra homomorphism that Lusztig defined in [T71 §1.4]. The centre of 
contains (j^rik), see [T71 Prop. 1.6]. This provides (and also each J^) with 
a structure of fc-module algebra (this structure depends on the choice of r). Both 
HiWljT) and are finite type fc-algebras. 

We will assume that p ^ 2, 3, 5 in order to be able to apply the results of Roche in 
[24] . By combining [24l Theorem 6.3] and [U Theorem 1], we obtain that the ideal 
'H^{G) is a fc-algebra Morita equivalent the fc-algebra H(VKf , g), where q is the order 
of the residue field of F. On the other hand, the morphism (pq : T-L{Wl, q) — > J* is 
spectrum-preserving with respect to filtrations, see [4, Theorem 9]. 

It follows that the Bernstein ideal 'H''(G) is geometrically equivalent to J'' (which 
is equipped with the structure of fc-algebra induced by (j}q): 



(6) 
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Remark 1.3. We observe that similar arguments show that the geometrical equiv- 
alence in ([6]) is true for each toral Bernstein ideal 7i^{G) of any p-adic group G (with 
the same restrictions on p as in [24' §4]), which is the group of i^-points of an i^-split 
connected reductive algebraic group G such the centre of G is connected. 

Remark 1.4. We note that geometric equivalence respects direct sums. Suppose 
that we are given geometric equivalences 

ai : Ai X Bi, a2 : A2 i< B2 

We then have 

ai ® 1 : Ai ® A2 ^ Bi S) A2, 1 ® a2 : Bi ® A2 >i Bi ® B2 

so that we have a definite geometrical equivalence 

(1 ® a2)(ai S) 1) : Ai Q) A2 >i Bi S) B2. 

By a case-by-case analysis for G = G2{F), we will prove that the fc-algebra 
(equipped here with the structure of /c-algebra induced by 0i ) is itself geometrically 
equivalent to the coordinate algebra 0{T''^ //W^) of the extended quotient T"^ //W^: 

(7) r X 0{T''//W'). 

The geometric equivalence ([7]) comes from geometric equivalences 

(8) X 0((r^//iy')e), for each c G Cel\(W^) 
that will be constructed in Lemma 14.11 16. H 17.11 18.11 

Let c be a two-sided cell of W^. Then ([8]) induces a bijection 

(9) ,7^(TV/iy^)e^Irr(4-). 

We will denote by i]^ : T"^ //W^ Irr( J^) the bijection defined by 

(10) = foy t e (T^ //W%. 

On the other hand, let (f>qc- ^(^ai?) ^ '^c denote the composition of the map 
0^ and of the projection of J onto J^. Let _B be a simple J^-modulc, through the 

homomorphism 0^ it is endowed with an T-KW^, q)-modu\e structure. We denote 

the ■H(W?a^9)-module by (0^ J*(S). Lusztig showed in [17] (see also [271 §5.13]) 
that the set 

l/is c a two-sided cell of VKf / , • i- \ 

(11) <.((P„c) (E) : ^ • 1 ,1 (up to isomorphisms 
^ ^ ['•^'i'''' ^ ' E a simple J^-modulc ^ f , 

is a complete set of simple ?^(W^, (7)-modules. 
Hence we obtain a bijection 

(12) li'-.T'' //W ^lr,{n{Wi,q)) 
by setting 



(13) fi^t) = {cj^l^r (ry^(t)) for t G {T^ //W^, 
Let 

(14) T^//T4^= ^Irr(G)= 
denote the composition of ji^ with the bijection 

e^: lvv{H(Wl,q)) -> Irr(G)'^ 
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defined by Roche [24] . 
We have 

(15) -.^e^oic^iYoij^ 

We should emphasize that the map is not canonical: it depends on a choice of 
geometrical equivalence inducing rj^ . 

Main result. Here is our main result, which is a consequence of 20 Lemmas: Lemma 

iCTi4:2ii43ii4:ii43iiCT[0[o .... [0[0[0[0[^ 

Theorem 1.5. Let G = G2{F) with p 2,3, 5. Let s = [T, A]g with A a smooth 
character of T. Then we have 

(1) The Bernstein ideal 'H^{G) is geometrically equivalent to the coordinate 
algebra 0[T^ / /W^) of the affine variety T'^ //W^ and this determines a 
bijection 

fi' : T^'/fW lTT{Gy 

(2) There is a flat family of subschemes of T'^ /W^ , with r G C^, such that 

xi^Ti^T'' i/w^ /W), x^ = $n^ 

The schemes Xf, are reduced. 

(3) There exists a correcting system of cocharacters for the bijection 

li' : T^ IIW ^ Irr(G)= 

(4) The geometrical equivalence in 1. can be chosen so that 

(inf.ch.) o = vr^ 

(5) Let denote the maximal compact subgroup ofT^. Then we have 

^l'{Ey/W') = lrv'iGY. 

Correcting system of cocharacters. Recall (see [2]) that, by definition, 
T^'/fW is the quotient f^/W^. Here 

:= {{w, t) eW^ xT"^ ■.wt = t} 

and 

T^'/fW^ ■.= f^ /W 

where acts on by 

a{w,t) — {awa'^,at) 

with a e W^, {w,t) e f^. Then p"" denotes the quotient map T^//W^= and 

TT* denotes the evident projection 

T"" //W ^T^ /W, {w,t)^t. 

The extended quotient T"^ //W^ is a complex affine variety and thus is the union 
of its irreducible components Zi, Z2, ■ . ■ , Zr- A correcting system of cocharacters 
for the bijection 

Pi" : T"" l/W liriGf 

is an assignment to each Zj of a cocharacter hj of . Each hj is a morphism of 
algebraic groups 

hj: T''. 
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If Zj and Zfe are labelled by the same two-sided cell c of VKf then hj ~ hk and 
we will write hj = hk = he- We have hcg = 1. We require that once the finite se- 
quence hi,h2T ■ ■ ,hr has been fixed, it is possible to choose irreducible components 
Xi, X2, . . . , Xr of the affine variety such that 

>p'iX,)^Z,, j-l,2,...,r. 

• For each r e C^, the map Xj T"^ /W^ which is the composition 

Xj -^T"" ^ /W^ 

{w,t) ^ hj{T)t ^ p\hj{T)t) 

factors through p'^ : Xj — > Zj and so gives a well-defined map 

< : Zj T^/W 
with commutativity in the diagram 

Xj > jW^ 

p'" id 

Zj > jW^ 

K 

Note that hj{T)t is the product in the algebraic group of /ij(r) and t, 
and : — >■ /W^ is the standard quotient map. 

• Since T"^ //W^ is the union of the Zj, we have a morphism of affine varieties 

which we require to be a finite morphism with 

<(r7/M/=-rVw^^) = (x^)rcd 

and with 

(inf.ch.) o /i^ = TT^ . 

Remark 1.6. Theorem 11.51 shows in particular that Conjecture 3.1 in [3] and 

part (1) of Conjecture 1 in [2] are both true for the principal series of G2{F). 
Moreover, we observe that the statement (3) in Theorem 11.51 is stronger than the 
statement (2) in Conjecture 3.1 of 3 in the sense that cocharacters are dependent 
only on the two-sided cells, and not on the irreducible components of T"^ //W^ (in 
general, (T^ //W)c contains more than one irreducible component, see Lemmas l4.1[ 
I6.ll and r7.ip . Also the bijection /i^ is not a homeomorphism in general (see the Note 
after the proof of Lemma 18. ip . 

2. The strategy of the proof 

Let G = G2{F) and let s G '^{G). In this section we will both explain the 
strategy of the proof of Theorem 1 and recall some needed results from [13], [18] 
and l23l . 
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2.1. The extended afRne Weyl group W^. It will follow from equations ([28| . 
(|44l) . (|45l) . (|49l) and (l52|), that the possible groups are the dihedral group of 
order 12, Z/2Z (the cyclic group of order 2), the symmetric group 5*3, and the direct 
product Z/2Z x Z/2Z. In particular, is a finite Weyl group. Let $^ denote its 
root system, and let ~ Z$^ be the corresponding root lattice. 

The group := x is an affine Weyl group. Let be a set of simple 
reflections of such that D generates and is a set of simple reflections 
of W^. Then one can find an abelian subgroup of such that cS^ = S^c 
for any c E and we have — k . This shows that is an extended 
affine Weyl group. Let ^ denote the length function on . We extend £ to by 
£(u;c) = £{w), if u; e and c € C. 

2.2. The Iwahori-Hecke algebra H{W^,t). Let t be an indeterminate and let 
A = C[t,t-^]. Let W e {T^f, W^f}. We denote by niW^r'^) the generic Iwahori- 
Hecke algebra of W, that is, the free ^-module with basis {Tw)wew Siiid multipli- 
cation defined by the relations 

(16) T^T^' = r,„^,s if £(W) - eiw) + eiw'), 

(17) (T, -t)(T, + r-i) = 0, ifse5^ 

The Iwahori-Hecke algebra H{yV, r^) associated to (W, r) with t G is obtained 
from H(yV,T^) by specializing x to r, that is, it is the algebra generated by T^, 
w G yV, with relations (|16p and the analog of (fT7|) in which r has been replaced by 

T. 

We observe that the works of Reeder [23] and Roche [24] reduce the study of 
Irr^(G') to those of the simple modules of ^{{W^, q). A classification of these simple 
modules by indexing triples (i, m, p) is provided by [13 and [23 . We will recall some 
features of this classification in the next subsection. 

2.3. The indexing triples. Let Ip be the inertia subgroup of the Weil group 
Wp, let Frobi? G Wp be a geometric Frobenius (a generator of Wp/Ip = Z), 
and let $ be a Langlands parameter (that is, the equivalence class modulo inner 
automorphisms by elements of of an homomorphism from Wp x SL(2, C) to 
which is admissible in the sense of [7^ § 8.2]). We assume that $ is unramified, that 
is, that $ is trivial on Ip. We will still denote by $ the restriction of $ to SL(2, C). 

Let u be the unipotent element of defined by 

(18) u^^{^i 

We set t — $(Frobj;-). Then t is a semisimple element in which commutes with 
u. Let Z/fs (t) denote the centralizer of t in and let Z^s (t) be the identity 
connected component of Zj^s (t) . We observe that if is one of the groups G2 (C) , 
GL(2,C), SL(3, C), then Z^fs [t) is always connected. 
For each r e C ^ , we set 

t(T) = $( ^ez'k^t). 

Lusztig constructed in [TS] Theorem 4.8] a bijectionZ^ 1— 7> c{U) between the set of 
unipotent classes in and the set of two-sided cells of W^. Let c be the two-sided 
cell of Wl which corresponds by this bijection to the unipotent class to which u 
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belongs and then let the L-parameter $ be such that ([T8|) holds. We will denote by 
Fc the centralizer in of $(SL(2,C)); then Fc is a maximal reductive subgroup 
of Zff. (u). 

For any r G C^, we set: 

Kir) := $ ( ; ) . 

Since $ is only determined up to conjugation, we can always assume that heir) 
belongs to T^. Then it defines a cocharacter 

The element 

(19) a:=h,i^)-t 
satisfies the equation 

(20) aua~^ = m«. 

For cr a semisimple element in and w a unipotent element in if^ such that ((20|) 
holds, let „ be the variety of Borel subgroups of containing a and u, and 
let Acr^u be the component group of the simultaneous centralizer of a and u in H^. 
Let T{H^) denote the set of triples {a,u,p) such that cr is a semisimple element 
in H'^, w is a unipotent element in which satisfy (|20p . and p is an irreducible 
representation of ^ such that p appears in the natural representation of A^ „ on 
^*(S^,«,C)- 

Reeder proved in [23. , using the construction of Roche [24] , that the set Irr'' (G) 
is in bijection with the iJ'^-conjugacy classes of triples {a,u,p) £ T{H^). The 
irreducible G-module corresponding to the iJ^'-conjugacy class of (cr, u, p) will be 
denoted V^_„ p and we will refer to the triples (cr, u, p) as indexing triples for Irr°(G). 

2.4. The i-parameters. Let Wp be the topological abelianization oiWp and let 
be the image in Wp of the inertia subgroup Ip- We denote by 

rp-.WI^^ F"" 

the reciprocity isomomorphism of abelian class-field theory, and set wp '■= rp{FTohp) 
a prime element in F. Then the map x xizup) defines an embedding of X(r^) = 
Y{T) in the p-adic torus T. This embedding gives a splitting T = T(oi?) x X(T^). 

We assume given {t,u) as above, i.e.,t = $(Frobi?) and u satisfies (fT8|) . 

Let Oi? denote the ring of integers of F, let A° be an irreducible character of 
T{of), and let A be an extension of A° to T. Let 

A: ^ 

be the unique homomorphism satisfying 

(21) xoA = A°oa;ori., for x G X{T"^), 

where x is viewed as in X(T^) on the left side of (|2ip and as an element of Y{T) 
(a cocharacter of T) on the right side. 

The choice of Frobenius Frobi? determines a splitting 

W^=I'^x {Frohp), 
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SO we can extend A to a homomorphism At : Wp — >■ by setting 

At(FrobF) := t. 

Then we define (see [H § 4.2]): 

X SL(2,C) ^ {w,m) ^ Xt{w) ■ $(m). 

2.5. The asymptotic Hecke algebra J®. Let": A ^ A he the ring involution 
which takes r" to r^" and let ft, H> be the unique endomorphisni of H{WI,t) 
which is ^-semilinear with respect to ~: ,4 — > ^ and satisfies Ts = T^^ for any 
s G S'^. Let w G W^. There is a unique 

C„ e Z[T-'^]Tn, such that 
C^^Cu, and C^=T^ (mod (0 Zx™)rj,) 

y&Wl m<0 

(see for instance [19l Theorem 5.2 (a)]). We write 

Ct„ = ^ Py,wTy, where Pj^^tt, e Z[t"^]. 
yewi 

For e VKf, c, c' e C^, we define Pyc,wc' as Pj^^to if c = c' and as otherwise. Then 
for w € Wl, we set C^, = J2yew.^ Py.wTy. It follows from [HI Theorem 5.2 (b)] 
that {Cw)^^y^n is an y^-basis of 'H{WI,t). For x,y,w in W^, let h^^y^w G .4 be 
defined by 

Cx ' Cy — ^ ^ hx^y^w Gw 

For any w G W^^f , there exists a non negative integer a{w) such that 

e x'^t"') Z[x-i] for ah y G W^, 

hx,y,w i T^-^)-^ At-^] for some x,y G 

Let 'Jx^y^w-^ be the coefficient of r"'^™^ in hx^y^w 

Let denote the free Abelian group with basis {t^)^^^^^. Lusztig has defined 

an associative ring structure on Jf by setting 

tx ■ ty :— ^ 7x,y,w~'^ tw- (This is a finite sum.) 

The ring is called the based ring of W^. It has a unit element. The C-algebra 

(22) r := r ®i c 

is called the asymptotic Hecke algebra of W^. 

For each two-sided cell c in W^, the subspace spanned by the t^^, w E c, is 
a two-sided ideal of Jf . The ideal is an associative ring, with a unit, which is 
called the based ring of the two-sided cell c and 

(23) r = 

ceCci^VF;) 

is a direct sum decomposition of Jf as a ring. We set := (g)^ C. 
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a(a) = —a 


a{P) =3a + /3 


a{a + 13) ^2a + (3 


a{2a + /3) = a + l3 


a{3a + 13) =13 


a{3a + 2/3) = 3a + 2/3 


b{a) = a + (3 


HP) = -P 


b(a + j3) = a 


b{2a + l3) = 2a + /3 


b{3a + f3)^3a + 2(3 


b{3a + 2(3) = 3a + (3 



Table 1. Values of a and b. 



3. Background on the group G2 

Let G = G2 be a group of type G2 over a commutative field F, and let G2(F) 
denote its group of F-points. 

3.1. Roots and fundamental reflexions. Denote by T a maximal split torus 
in G, and by $ the set of roots of G with respect to T. Let (ei,£2,£3) be the 
canonical basis of M.^ , equipped with the scalar product ( | ) for which this basis is 
orthonormal. Then a := ei — 62, (3 —2ei +82+63 defines a basis of $ and 

= {a, (3,a + I3,2a + (3, 3a + /3, 3a + 2/3} 

is a subset of positive roots in $ (see [S] Planche IX] ) . 
We have 

(24) (a|a) = 2, {/3\l3) = 6 and (a|^) = -3. 

Hence, a is short root, while /3 is long root. 
We set 

(25) nij',j):={y,j-) = ^^, 

(see [SI Chap. VI, §1.1 (7)]). We will denote by the reflection in W which 
corresponds to 7, i.e., s^(x) := x — {x,j'^)^. We set a := Sq, 6 := S/3 and r := ba. 

' 2 -1 



The Cartan matrix for G2 (F) is ^ ^ ^ j, and the values of a and b on the 

elements of are given in the table 1. 

We write B = TU for the corresponding Borel subgroup in G2(F) and B = TU 
for the opposite Borel subgroup. Denote by X{T) the group of rational characters 
of T. We have 

(26) X{T)=1{2a + I3)+Z{a + 13). 
We identify T = F^ x F^ by 

(27) ^„:t^{{2a + (3){t),{a + l3){t)). 

In this realization we have 

{a{h,t2) = tit-^ , Pih,t2)=t-hl 
\a{ti,t2) = {t2,h), b{ti,t2) ^ {ti,ht^^) 
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The Weyl group W = Ng2(f) (T)/T has 12 elements. They are described along 
with the action on the character xi ® X2 oi T = ¥^ x : 





w 




X)X2) 


1. 


e 


Xl € 


5 X2 


2. 


a 


X2 € 


5 Xl 


3. 


b 


X1X2 ( 


3X^' 


4. 


ab 


X^'<8 


'X1X2 


5. 


ba 


X1X2 ( 


3xr' 


6. 


aba 


xr'« 


'X1X2 


7. 


bah 


Xl Xl X2 


8. 


abab 


Xl X2 


«)Xi 


9. 


baba 


X2<»X 


-1 -1 

1 X2 


10. 


ababa 


Xl^X2 


^®X2 


11. 


babab 


x^'<? 


5xr' 


12. 


bababa 


Xi^^ 


5X^' 



3.2. AfRne Weyl group, two-sided cells and unipotent orbits. Let := 

W K X{T'^) denote the affine Weyl group of the p-adic group G = G2(i^). Denote 
by {a, 6, d] the set of simple reflections in M^, with W = (a, 6) and (a6)^ = (da)^ = 
= e. 

As in the case of an arbitrary Coxeter group, the group is partitioned into 
two-sided cells. The definition of cells yields a natural partial ordering on the set 
Cell(Wa) of two-sided cells in W^- The highest cell Ce in this ordering contains just 
the identity element of Wa- Lusztig defined in jl6j an a-invariant for each two-sided 
cell. The a-invariant respects (inversely) the partial ordering on Cell(Wa)- 

The group has five two-sided cells Co, Ci, C2, 03 and Cq (see for instance [27l 
§11.1]) and the ordering occurs to be total: cq < 03 < C2 < Ci < Cg, with 

Cc = e : a{w) ^ 0} ^ {e}, 

ci = {w e VKa : a(w) ^ 1} , 

02 = {w G VKa : a{w) = 2} , 

C3 = {w G VKa : a{w) = 3} , 
Co = {w G Wa ■ a{w) = 6} (the lowest two-sided cell). 
For a visual realization of the two-sided cells see |T21 p. 529]. 

Let U denote the unipotent variety in the Langlands dual — G2 (C) of G. For 
C, C two unipotent classes in , we will write C <C if C is contained in the Zariski 
closure of C. The relation < defines a partial ordering on U. In the Bala-Carter 
classification, the unipotent classes in G'^ are 1 < Ai < Ai < 62(01) < G2 (see 
for instance [ini p. 439]). The dimensions of these varieties are 0, 6, 8, 10, 12. The 
component groups are trivial except for 62(01) in which case the component group 
is the symmetric group S3. The group S3 admits 3 irreducible representations; two 
of these, the trivial and the 2-dimensional representations, namely pi, p2, appear 
in our construction. In 22 , Ram refers to 1, Ai, Ai, 62(01) and G2 as the trivial, 
minimal, subminimal, subregular and regular orbit, respectively. 

The bijection between Cell(W^a) and U that Lusztig has constructed in [18 is 
order-preserving. Under this bijection, Ce corresponds to the regular unipotent 
class and Cq corresponds to the trivial class. If the two-sided cell c corresponds to 
the orbit of some unipotent element u £ G"^ , then o(c) = dimS„, where Bu denotes 
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the Springer fibre of u (that is, the set of Borel subgroups in containing u). 
Lusztig's bijection is described as fohows: 

Co O G2 Ci 062(01) C2 O Ai C3 o Ai Co O 1. 

3.3. Representations. Let R{G2{F)) denote the Grothendieck group of admis- 
sible representations of finite length of G2{F). With A € ^'(r), we will write 
J(A) := i'T(zB{^) for the induced representation (normalized induction). We will 
denote by ^(iT^^sl'^)) length of this representation, by |i^^5(A)| the number 

of inequivalent constituents. 

It is a result of Keys that the unitary principal series I{xi ® X2) is reducible if 
and only if xi and X2 are different characters of order 2 [Mj Theorem G2]. When 
reducible, it is of multiplicity one and lenght two. 

Let v denote the normalized absolute value of F. Using Jlj Prop. 3.1] we have 
the following result: /(i/'iXi €5 ^2X2), with ipi, Xi [i — 1,2) smooth characters of 
F^ , Vi, "02 unramified, and tpiXii "02X2 nonunitary, is reducible if and only if at 
least one of the following holds: 

IplXl = 1p1lp2XlX2 = V VlV'2XlX2 = V'lV'2XlX2 = 

(29) ^2X2 = V ViXi = V'lV'lxixi = V 1P11P2X1X2 = i"^^ 

1P2X2 = V'l'/'2XlX2 = f V'lV'2'^XlX2'^ = V'lV'^^XlX2"^ = 

that is, if and only if there exists a root 7 e $ such that 

(30) (xi'»X2)o7'' ^i'*'- 

From now on wc will assume that ¥ = F, a local non Archimedean field. Let 
G = G2 and let s — [T,xi X2]g- Let 'I'(F^) denote the group of unramified 
quasicharacters of . We have 

= {V'lXi » to : V'i,V'2 € *(i^^)} = {(^1,^2) : zi,Z2eC^} ^ T^, 

the Langlands dual of T, a complex torus of dimension 2. 

Let ^''(F^) denote the group of unramified unitary quasicharacters of F^ and 
let E = he the maximal compact subgroup of D^. We have 

E' = {ViXi «'V'2X2 : V'i>2 G *'(F^)} . 
Let w e l^(r) = W'. Then we have 

(31) s = [T, XI X2]g = [T,w- (xi ® X2)]g- 

We are also free to give x an unramified twist: this will not affect the inertial 
support. 

4. The Iwahori point in 1(62) 

We will assume in this section that s = 1 = [T, 1]^. We have — W and 
Wl — Wa_. The group is a finite Coxeter group of order 12: 

W = {a,b,a^ = b^ = {abf = e). 
Let r = ah. Then representatives of VF-conjugacy classes are: 

{e,r, r^,r^,a,b}. 
Definition. We define the following partition of T"^ //W: 

(32) T^/W^ □ (TV/l^)c., 

CieCeU(Wa) 
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where 

(T7/w^)c. 



(T^)''Vz(r3) U (r^)'^Vz(r'), 

(T^)7Z(a), 

(T^)VZ(fe), 

T^'/W. 



Note 1 . In the Definition above we had the freedom to permute a and b (that 
is, we could as well have attached (6) to C2 and then (a) to C3). 

Note 2. The Springer correspondence for the group G2 (see [TOl P- 427]) is as 
follows: 



1,0 





Ce 


2,1 




(ci,pi 


i.3 




(C1,P2 


2,2 




C2 


1,3 




C3 


1,6 




Co- 



Each of the following two bijections: 



(r) ^ 01,0 (r) O 

(r^) ^ 02,1 (r^) ^ 

(r2) 4-^ 0'i3 (r2) o 

(a) 02,2 (a) O 



yi.o 

^2,1 

(6) ^ 0'(3 (&) o 0;';3 

^1,6 



(e) O 01,6 (e) O 

by composing with the Springer correspondence, sends 

• (r) to the unipotent class in corresponding to Cg, 

• (r^) and (r'^) to the unipotent class in corresponding to Ci, 

• (a) to the unipotent class in G^ corresponding to C2, 

• (b) to the unipotent class in G^ corresponding to C3, 

• (e) to the unipotent class in G^ corresponding to Cq. 

This is compatible with ([5^ . Thanks to Jim Humphreys for a helpful comment 
at this point. 

Note 3. The correspondence between conjugacy classes in W and unipotent 
classes in G^ in Note 2 can be interpreted as a partition of the set W_ of conjugacy 
classes in W indexed by unipotent classes in G^: 

(33) 2: = |J««' 

u 

where u runs over the set of unipotent classes in G^. Moreover, each s„ is a union 
of n„ conjugacy classes in W, where riu is the number of isomorphism classes of 
irreducible representations of the component group Zqv (u) /Zqv (u)'^ which appear 
in the Springer correspondence for G^. In (201 §8-9], Lusztig defined similar kind 
of partitions in a more general setting and more canonical way for adjoint algebraic 
reductive groups over an algebraic closure of a finite field. The partition ([55)1 
coincides with those obtained by Lusztig for a group of type G2 on the top of 
page 7 of [20] • 
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Let J = J' be the asymptotic Iwahori-Hecke algebra of W, let denote the 
afBnc complex line, let I denote the unit interval, and let x be the geometrical 
equivalence defined in [21 §4]. 

Lemma 4.1. We have the following isomorphisms of algebraic varieties: 
(T^ //VF)c, ^ pt, (T^ //VF)ci ^ pti U pt2 U pt3 U pti 

E//W^ pt* U (pii U pt2 U pt3 U pi4) UIUIU E/W, 
and J X ©(T^Z/VF), where J^, x C'((T^//VF)cJ; and 

^ jnorita ^ jnorita 

Proof. The centralizers in are: 

Z(e) = T^, Z(r) = (r), Z(r2) = (r), Z(r3) 
Z(a) = (r3,a), Z(fe) = (r3,6> 
Case-by case analysis. We will write X — T^. 

• c = Co, c = f . X7Z(c) = X/W. 

• c = Ce, c = r. X= = (1, 1), X7Z(c) =pt,. 

• c = ci, c = r3. X'^ = {(l,f),(-f,l), (1,-1), (-1,-1)}. Note that (1,1) is 
fixed by W and 

(-1,-1) -bab (-1,1) -a (1,-1) 

are in a single M^-orbit. X^/Z(c) = pti Upt2- Also, attached to this cell, 
c = r^. X= = {(1, 1), (j, j), (j',j')}, where j = exp(27rz/3). Now 

are in the same Z(c)-orbit. X^ /7j{c) ^ pt^ Upt^. 

• c = 02, c = a. X'' ^ {{z,z) : z £ C^}. 

XyZ{c) - {{{z,z),{z-\z-')} : z e C><} - Ai. 

• c = C3, c = 6. = {(z, 1) : z e C^}. 

X7Z(c) = {{(z, 1), (z-i, 1)} : z € C><} - Ai. 

Let _Fc denote the maximal reductive subgroup of the centralizer in of the 
unipotent class corresponding to c and let Rp^ denote the complexified representa- 
tion ring of Fc . 

• We have Fcg — . Since the group G2 is i^-split adjoint, we have (see [21 
Theorem 4]): 

This isomorphism induces a homeomorphism of primitive ideal spectra: 

: TVW^ ^ Irr( JcJ. 

• The reductive group F^^ is the centre of and = C. Let ric^{ptt,) be the 
simple module of J^^ . 

• Let i e {2,3}. We have F^ — SL(2,C). In proving the Lusztig conjecture [18l 
Conjecture 10.5] on the structure of the asymptotic Hecke algebra, Xi constructed 
in [271 §11.2] an isomorphism 

Je. ^M6(i?Fe.). 
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Let C[t,t^^] denote the algebra of Laurent polynomials in one indeterminate t. 
Let a denote the generator of Z/2Z. The group Z/2Z acts as automorphisms of 
C[t, t~^], with a{t) = t~^. The fixed algebra is isomorphic to the coordinate algebra 
of the affine line : 

C[t,t-^f/^^o^O{A'), t + t-^^t 

We then have 
The isomorphism 

Je. ~ Mq{0{A^)) 

induces a homeomorphism of primitive ideal spectra: 

~ Irr(JcJ. 

This in turn determines a homeomorphism 

(34) 7?e. : (T^//W^)c. ^Irr(JcJ 
for i = 2, 3. 

• According to [27l §11.2], we have = 5*3, the symmetric group on {1,2,3}. 
We write 5*3 = {e, (12), (13), (123), (132), (2, 3)}. Let 

e = {e}, (12) = {(12), (13), (23)} and (123) = {(123), (132)} 

denote the three conjugacy classes in 6*3. According to [27l §11.3, §12], the based 
ring Jci has four simple modules: (i^i, tti), {£2,^2), {E3, n^), {E4, 714) with dim_Ei = 
dimi?2 = 3, dim £'3 = 2, dim £'4 = 1, where 

(35) £'i=i?e,pi, E2 = EjJ^, E3 — Ejj^, E4 = Ee^p2, 

using the notation [571 §5.4]. 

Consider the map : ^ci — > M3(C) ® M3(C) M2(C) C, defined by 

4i (a;) = (tti (x) , 7r2 (x) , 7r3 (a;) , 7r4 (x) ) , for x G Jci . 

The map Sci is spectrum-preserving. For the primitive ideal space of Jc^ is the 
discrete space {£1, £2, £3, E4} and the primitive ideal space of M3(C) ® M3(C) ® 
M2(C) ® C is {pt UptUptU pt}. 

Then we get x C"' x 0((T^//M^)ci). Moreover we can choose the ge- 
ometrical equivalence x C'((r^//VK)ci ) in order that the induced bijcction 
77ci : (T^/fW)^, Irr(JcJ satisfies 

(36) Vc,{pU)^E, forl<i<4. 

□ 

Lemma 4.2. The flat family is given by 

X, :(1-T2y)(x-T2y)=0. 

Proof. Since there is only one quadratic unramified character, the unitary principal 
series /(V'l 1P2) is always irreducible. 

Then we write down all the nonunitary quasicharacters of T which obey the 
reducibility conditions ([5^ : 
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with Tp an unramified quasicharacter of . These quasicharacters of T fah into 
two M^-orbits: 

1. W ■ {i^^p(»ip), 

2. W ■ (i^(8) V'). 
For the first W^-orbit, we obtain the curve 

€2 ^ {W ■ {lyij ® Tp) : ipe = {W- iz,q-h) : z G C^}. 

The second W-orbit creates the curve 

We obtain 

= £2 U £3- 

Let e be the unique unramified quadratic character of -F^, and let a; denote an 
unramified cubic character of i^^ . In the article of Ram [22] there is a list ta, ■ ■ ■, tj 
of central characters, their calibration graphs, Langlands parameters and indexing 
triples. After computing the calibration graphs, we are now able to identify these 
central characters with points in the complex torus = \I'(T): 

ta = {q^^,q^^) ^ vfgv'^, tb = {z,q^^z) v^, tc = {j, q'^j) = w ® i^uj, 

- (-1, q-i) - ® e, = (1, g"') - ® 1, i/ = {q^^\ q'^'^) - i^'^'^ ® 
t, = iq'/^q-'/') = 1.-'/' ® v^l\ tn = {q-\z) = ® V, 

U = {q'^,q~^) = v®i',tj^ ^v®v~'^''^ 

with z = 'iI}{vjf)- We have 
The flat family 

Xr:{l-T^y){x-T^y) = 
has the property that X^ — ^K. □ 

Lemma 4.3. For each two-sided cell c of , the cocharacters he are as follows: 

/ic(r) = (1,T"^) ifc = Ci,C2,C3 
/ieo-1, /ic.(T) = (r-2,r-4) 

Now define 

TTrix) = 7r(/ic(r) • x) 
for all X in the c-component. Then, for all t G T"^ /W we have 

Proof. We compare the description of the irreducible components of /(I (g) v) given 
by Muic ^21j with those which occur in Ram's table ^25, p. 20]. Then it follows from 
p. 476 and Prop. 4.3] that 

/(I 7r(l) + 7r(l)' + J„(l/2, (5(1)) + 2J^(l/2, ^(1)) + J^(l, 7r(l, 1)) 

so that 

i{I{l®v))=%, |/(l(g)z/)| =5. 
When we collate the data in the table of Ram [23 p. 20], we find that 

NTC-B(^e)l = 5 
NtcbWI =4 if t = ia, ic, td 
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NtC-b(*)|— t = tb,tf,tg,th,U,tj. 

We will now compute a correcting system of cocharacters (see the paragraph after 
Theorem 1.5). The extended quotient jjW is a disjoint union of 8 irreducible 
components Zi, Z2, . . ., Z^. Our notation is such that Z\ = pti, Z2 ~ p<2, Zj, = ptj,, 
Zi = pU, Zr, = pU, Ze ~ Ai, ~ Ai, = T'^/W. 

In the following table, the first column comprises 8 irreducible components 
Xi,...,Xs of for which p\Xj) = Zj, j = 1,...,8. Let [zi,Z2] denote the 
image of (zi, Z2) via the standard quotient map : — ?> /W, so that [21, Z2] — 
W ■ (21,22). When the first column itemizes the pairs {w,t) e T^, the second col- 
umn itemizes p^{hj{T)t). The third column itemizes the corresponding correcting 
cocharacters. 











hi{r) 






X2 


= (^^(l,l)) 






h2{r) 






X3 


= (r^(l,l)) 












Xi 








hiir) 






X5 


= (^,(1,1)) 






h^T) 


^(r-2 


T 


Xe 


= {(a, (2, 2)) ; 2 G 




{[z,T-^z] -.zeC"} 


hfi{T) 






Xj 


^{{b, (2,1)) :2e( 




{[2,T-2] -.zeC"} 


Mr) 






Xs 


= {(e, (21,22)) : 21 


22 e C 


{[21,22] : 21,22 GC><} 




= 1 





It is now clear that cocharacters can assigned to two-sided cells as follows: 
heir) = (1, T"2) if c = ci, C2, C3, hco = 1, (t) = (t~^ r""*). 

We are now in a position to write down explicitly the fibres n^{t) of the points 
of reducibility in the quotient variety T"^ /W. We recall that — (l,g^^), ta — 
{q~^,q^^), td = ((7^^,-1) and tc = ij,q^^j)- We have, for example, 

TT^C^e) = {p\e, (1, g-1)), p\r^ (1, 1)), p\r\ (1, 1)), p>(a, (1, 1)), p\b, (1, 1))} 

^^,ita) - {pXe, <Z-')), p'(r, (1, 1)), p'(a, (<?-\ g"^)), />'(&, 1))} 
^^(^-i) = {P\e, (g-\ -1)), P'(r^ (-1, l)),p\a, (-1, -1)), p'(6, (-1, 1)), } 

^^itc) = {p\eAj,j/q)),p\r'Aj,j)),p\^,ij,j)),P\a,if,fm 

The two points {a,{j,j)) and (a, (j^,j^)) are especially interesting. The map 
TT ^ sends these two points to the one point tc € /W since /q) and {j,j/q) 

are in the same M^-orbit: {j,j/q) ^aba [P^P /q)- In the map 

TT^ : T^//Ty ^ T'^IW 

the image of the affine line (T'^)" /Z(a) has a self-intersection point, namely tc- 
We have 

k^(ie)| = 5 

k^(t)| -4 if t = ta, tc, td. 

2 if t — tb,tf,tg,th,ti,tj. 

□ 

Lemma 4.4. Part (4) of Theorem \1.5\ is true for i G !B(G2). 
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Proof. We will denote elements in the five unipotent classes of G2(C) by 1, U3, U2, 
ui, Ue (trivial, minimal, subminimal, subregular, regular). 

We recall that the irreducible G- module in Irr'(G') corresponding to the Kazhdan- 
Lusztig triple (cr, w, p) is denoted V^„p. According to [22^ Table 6.1], we have 
dimV'_^ „^ = 1, dimVl^^^ p^ = dimV^^ „^_i = 3, and dimV^'^^^^^i = 2. Hence we 
have 

where Ei^q := (f)*_^^{Ei), with Ei as ([55]) . 

The semisimple elements i, a below are always related as in equation (HH), that 

is, 

O- = hc{y/q) ■ t = TT^{t). 

Then the definition ()13p of /i' gives (using the maps 77c defined in the proof of 
Lemma l4.ip : 

rv;,i,i, ifteTViy, 

S , if t e Ai (attached to C2), 

[ V^ „3_i , if t e (attached to C3); 

two of the isolated points are sent to the L-indistinguishable elements in the discrete 
series which admit nonzero Iwahori fixed vectors: 

and 

Now the infinitesimal character of „ p is cr, therefore the map /i' satisfies 

inf.ch. o fj} — TT 
The map /i' is compatible with the cell-partitions 

^i\{Ty/W),) C IrrXG)e. 

□ 

Lemma 4.5. Part (5) of Theorem ] 1.5\ is true for i G iB(G2). 

Proof. As for the compact extended quotient, this is accounted for as follows: The 
compact quotient E/W is the unitary principal series, one unit interval is one 
intermediate unitary series, the other unit interval is the other intermediate uni- 
tary series, and the five isolated points are the remaining tempered representations 
itemized in [22 1 121 ] . □ 

Note. Among the tempered representations of G which admit non-zero Iwahori 
fixed vectors, those which have real central character are in bijection with the 
conjugacy classes in W. For G of type G2, they are (see [22l Fig. 6.1, Tab. 6.3]): 

V' V' V' V' V' 

■^to.l.l' tg, 113,1' '^tj,M2,l' tc,"l,Pl' te,«l,P2' ta,«e,l' 

These representations correspond (via the inverse map of n^) to points in T^/W, 
(rV/W')c3, iT^//WU,pti e (TV/W^)c,,pt4 e {T^//WU,andpt, e (TV/M^)c,, 
respectively. 
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Hence the correspondence with conjugacy classes in W that we obtained is the 
following: 







(e) 






(b) 


vi 1 

tj ,M2 ,1 




(a) 


vi 






Vi 










(r) 



5. Some preparatory results 

5.1. The group W^. When — {e}, our conjecture is easily verified. 

Lemma 5.1. We have 7^ {e} */ only if s — [T,x'E) x\g or s = [T, x (8) 1]g 
with X irreducible character of . 

Proof. From ([T]), we have 

W'' ^ {w e W : w {xi<E)X2) = V'lxi <^ X2) for some ip G "^{T)} . 

Let cr° Xilox «)X2|oX- Then we get 

(37) = {weW : wa° = a°}. 

Let x° From ()28p . it follows that we have — {e} if and only if 

(38) X2^i, x?X2 7^i, x?^X2, (xD'x^^i, x?(xDVi- 

Hence we have ^ {e} if and only if we are in one of the following cases: 

(1) We have Xi — X2- We may and do assume that Xi = X2 = X- 

(2) We have X2 = 1- We may and do assume that Xi = X a-nd X2 — ^■ 

□ 

Remark 5.2. We observe that the condition is equivalent to the condition 

((Xi «) X2) o 7'')|„x ^ 1, for aU 76$. 

Note that this condition is closely related to the condition pOI) . 

Remark 5.3. The group admits the following description (which is compatible 
with [Ml Lemma 6.2]): 

W = {s^ : 7 6$ such that ((xi ® X2) ° 7'')lc,j = !)■ 

In particular, this shows that is a finite Weyl group. 

5.2. The list of cases to be studied. 



GEOMETRIC STRUCTURE IN THE PRINCIPAL SERIES 



21 



5.2.1. W -orbits. 1. The orbit W ■ {x®x) consists of the following characters: 
(39) x®X, X~^«)X"\ X^®X"\ X"^«)X^ X«'X"^ x"^®x- 



It follows that 

w -{x^x)-- 

We have 

(40) |W^-(X^X)I 




if X is quadratic, 
if X is cubic. 



1 if X is trivial, 
3 if X is quadratic, 

2 if X is cubic, 
6 otherwise. 

2. The orbit • (x 1) consists of the following characters: 

(41) x®l, l^X, X®X"\ X"^«)l, l^X^S X'^«)X- 

If X is quadratic, then we have 

W ■{x®l) = {x®X, X«)l, 1(8) X-} 

We have 

{1 if X is trivial, 
3 if X is quadratic, 
6 otherwise. 

5.2.2. The cases. From now on we will assume that ^ {e}. Then the above 
discussion leads to the following cases: 

(1) s = i = [T, 1]g. Here ^W. Aheady studied in section H 

(2) s = [r, X (X" 1]g with X ramified non-quadratic, see section[6l 

(3) s = \T^x® 'x\g with x ramified, neither quadratic nor cubic, see section |6l 

(4) 5 ~ [r, X (8) x]g with X ramified cubic, see section [71 

(5) s = [r, X <8) x]c? with X ramified quadratic, see section [H 

5.3. Lengths of the induced representations. We fix homomorphisms x^: F 
G and C7 : SL(2, F) ^ G 7 G $ such that (see P (6.1.3) (b)]): 

x^{u)=C',{^Q ^ j , a;_^(u) = C-7 (^^ "i*^ and {t) = (^^ ^'^^ . 

For 7 € {q;,/3}, let P-y be the maximal standard parabolic subgroup of G corre- 
sponding to 7, and be the centralizer of the image of (7')^ in G, where 7' is 
the unique positive root orthogonal to 7, that is, 

7' = 

Then is a Levi factor for P^. 




We extend C7 : SL(2, F) -J> to an isomorphism : GL(2, F) by 
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Then the restriction to T of the inverse map of C7 coincides with the isomorphism 
^7 : T^F^ X , where has been defined in ([ST)) , while 

For 7 S {a, /?}, and a a smooth irreducible representation of GL(2), let I^{cr) denote 
the parabolically induced representation of G 

(43) lndZ^^p_^{aoC-^). 

Let i5 be the Steinberg representation of GL(2) and let S{x) denote the twist of S 
by the one dimensional representation x ° det. Then 6{x) is the unique irreducible 
subrepresentation of Ind^'"^^'' (z^^/^x(g)i^~^/^x). It is square integrable if x is unitary. 
The representation 5 has torsion number 1, and so all the twists {6{x) : x ^ ^(-^^ )} 
are distinct. 

The inertial support of the representation Ij{S{x)) is [T, {x^x)° Cq]c? if 7 = a 
and [T, (x «> x) o C/jIg = [T, (x 1) o Calc if 7 = We observe the following 
consequence (which will be crucial in the sequel of the paper): 

Proposition 5.4. The representations Ia{S{x)) and Ip{6{x)) have same inertial 
support when x^ — ^ o-i^'d have distinct inertial supports otherwise. 

Proof. It follows from the orbit computation done in § 15.2.11 □ 

Lemma 5.5. Let x, "0 iuio characters of F^ , with unramified and x ramified. 
Let e he the unique unramified quadratic character of F^ , and let uj denote an 
unramified cubic character of F^ . We set 

7^2 = |(i^'''^^^,x): ('^'''^^^eiX) '■ X is quadratic^ , 

-Ps = {(i^±i/2,x),(^*'/Vx),(^*'/'^',x) : X^scubtc], 

Then we have 

£(/(.-vVx®-^/Vx)) - \i{--"'^x®-"'M\-[l 

V / 2 otherwise, 

V / 12 otherwise. 

Proof. In R{Ma), we have (see for instance [UJ Proposition l.l(ii)]): 

lTid^^jj^^j^^{v-^/^^JX ® v^'^i'x) = 5{^X) ® (V-X ° det). 
Similarly, in R{M[i) (using now [21, Proposition l.l(iii)]), we get: 

Ind^^y^^,,^)(!.-i/Vx ®^) = S{^X) ® (V-X ° det). 

Then, by transitivity of parabolic induction, we obtain 

/(i^-i/^V'X'^i^'/Vx)) = /a('5(7Ax))+/a(^X°det), 

/(iz-i/Vx-^;^) = //^((5(V'X)) +^/3(V'X°det). 

Applying the involution Dq defined in [1], it follows from [I] Th. 1.7] that, for 
7 G {a, /?}, the induced representations /-y((5(';/'x)) and I-yiipx ° det) have the same 
length. 
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To describe the length of Ia{S{'i{jxj), we write tp = v'^ , s & C Now, in a different 
notation, we write 

/„(Re(s),<5(^.^i-(^)x)) = USiM)- 

Then [U Theorem 3.1 (i)] implies the following conclusion: 

1. If X is neither quadratic nor cubic then Ia{S{'>px)) is irreducible. Hence 

2. If X is ramified quadratic, then /^((^(V'x)) reduces if and only if g 
{l,e} and Re(s) = ±1/2. Hence: 

• If V ^ zy±i/2e}, then i {l{iy-^/^iPx (g> i^^^^ipx)) = 2- 

• Otherwise, Rodier's result ^51 Corollary on p. 419] (see [211 Prop. 4.1]) 
implies that /(z/~^/^-0x® I'^^^V'x) length 4 and multiplicity 1. 

3. If X is cubic ramified, then /^(^(V^x)) reduces if and only if i'^/^^'"'^''^ G {l,aj,cj^} 
and Re(s) — ±1/2. Hence: 

• If V ^ zy±i/2^, then ^ (/(//-i/^V'x <^ J^^/^X)) = 2. 

• Otherwise, it follows from loc. cit. that /(i/^^/^Vx® ^^^^V'x) ha-s length 4 
and multiplicity 1. 

If X is (ramified) not quadratic then Ifj{S{ipx)) is irreducible. Then £ (^I{i>~^^'^ipx ® ^)) = 

2. 

We assume from now on that x is quadratic ramified. To describe the length of 
Ip{S{'ipx)), we write ip = v^tpQ, where s € M, is unitary. Then Ip{d{ijjx)) reduces 
if and only if s = ±1/2 and ipo — 1- Therefore the length of I{i'~^^'^ipx v) is two 
unless Tp = v^'^/'^ □ 

5.4. Two Lemmas. The next two Lemmas will be needed in section[8]in the proof 
of Lemma 18.11 

5.4.1. Crossed product algebras. Let A be a unital C-algebra and let F be a finite 
group acting as automorphisms of the unital C-algebra A. Let 

-.^ {a ^ A : ^ ■ a = a, V7 G F} . 

Let AyiT denote the crossed product algebra for the action of F on A: The elements 
of A X F are formal sums X]7er '^tW: where: 

• the addition is {Y.^er(^i[l]) + {Y.-yt^v^ill]) = Y.-yeA'^i + ^7)[7], 

• the multiplication is determined by (a-y[7])(6Q,[a]) = a-y(7 • ba)[^oi\, 

• the multiplication by A £ C is given by A(^^gp a7[7]) = '^■y^T^^'^i)[l]- 

Let 

er := Irj^^^b]. 
Then er is an idempotent {i.e., e'^ = er). 

Lemma 5.6. The unital C- algebras A^ and (AxF)er(AxF) are Merita equivalent. 
Proof. See [261 Proposition p.25]. □ 
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5.4.2. Ring homomorphisms. 

Lemma 5.7. Let A be a ring with unit and let B be a ring (which is not required to 
have a unit). Let d B be a two-sided ideal. Then any surjective homomorphism 
of rings ip: J' ^ A extends uniquely to a ring homomorphism (p: B A. 

Proof. Choose 9q € J such that tpiO^) = 1^ (the unit in A). Then, given b G B, 
we define (f{b) by (^(6) := (f{9ob). 

(1) We will check first that <fi is well-defined, i.e., that the definition does not 
depend on the choice of ^o- Indeed, for every 9 € J such that = 1^, 
then we have, on one hand: 

ip{9b9o) = fm^ido) = v{9b), 

and on the other hand: 

^(9b9^) = H^{9)^{b9Q) = ¥>(60o). 

Hence 'p>(9b^ = (p{b9a). In particular, we have (p{9ob) = (p{b9o). Thus 
ip{9b) = ipi9ob). 

(2) Let <f be any extension of ip. We have 

since 9ob £ J. 

(3) Finally, we check that ip is a ring homomorphism. Indeed, 

'f{bi + 62) = >fi{9o{bi + 62)) = 'fi{9obi + 9ab2) = ^{bi) + (^(62); 
(^(6162) = <p(6'ofoi&2) = <p(6'ofoi&2^o) = ip{9(3bi)ip{b29n) = 'p>{bi)'p>{b2) ■ 

□ 

6. The two cases for which i7® = GL(2, C) 
In this section, we will consider the following two cases. 

Case 1: We assume here that X2 = 1 and xi = X with x a ramified non-quadratic 
character. Then from (HIT) we obtain 

s = [r,x(»i]G = [t,i®x]g = [t,x®x'^]g 
= [r,x-^®i]G = [t,i®x-']g = [t,x-'«)x]g- 

It follows from ^ that 

(44) W'^{e,b}'^S2. 

Case 2: We assume that Xi = X2 = X with x a ramified character which is neither 
quadratic nor cubic. From (j39|) we obtain 

s = [T,x®x]g = [T,X'^®X'^]g - [T,X^®X'^]g 
= [T,X~^®X^]g = [T,X®X-^]g = [T,x-^®x]g- 

It follows from (HH) that 

(45) W ^{e,a}'^S2. 
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In both Case 1 and Case 2, we have = 5*2 ix X{T^). Hence Wl is the extended 
affine Weyl group of the p-adic group GL(2,F). There are 2 two-sided ceUs, say 
be and bg, in W^; they correspond to the regular unipotent class U,, and to the 
trivial unipotent class of GL(2,C), respectively. Hence bg and bg correspond to 
the partitions (2) and (1, 1) of 2, respectively. We have bp < bg. 

Definition. We define the following partition of T"^ //W^: 

(46) T'^/fW = (r^//T^')b. U (r^//T4^=)bo, 

where {T^ //W^)h, (T^)'=/Z(c), where c is the nontrivial element in W^, and 

We will denote by the based ring of the extended affine Weyl group Wl 
defined in ^ and set 

(47) C/(l) :={zeC: I^Hl}. 
Lemma 6.1. We have the following diffeomorphisms 

and we have 

where J^^ ^,norHa 0{{T''//W')bJ and J^^ ^„^or^ta O ((T^ //l^^ )b„ ) • 

Proof. Let D = and E E^ . We give the case-by-case analysis. 

• c = 1. DyZ{c) = D/W and E'=/Z{c) = E/W'. 

• 1. 

Case 1: c = b: 

D''/Z{b) = D' = {{t, 1) : t e C^}. E''^ {{t, l):te U{1)}. 
Case 2: c ~ a: 

DyZ{a) = 0" = {{t,t) : t G C^}. E'' = {(i,<) : t e U{1)}. 
We have = Jb^ + Jho and (see 2, proof of Theorem 3]): 

Jb. ^,„o„ta ©(C^'), Jbo ^™o„ta 0((C><)V^2) = 0(i?7W^')- 

It gives 

(48) Jb. ^™o„ta e)(r^//W^^)b., for i e {e,0}. 

□ 

Lemma 6.2. T/ie /Za< family is given by 

Xr : 1 — ry = 0, in Case 1; 
Xr '■ X — T^y = 0, in Case 2. 

Proof. We will considerate the two cases separately. 

Case 1: The curve of reducibility £i = = $H is given by 

Ci = ® . ^e*(F><)}-{(zy^,i/Vg) : zeC><} 

We write down all the nonunitary quasicharacters (-01X0-02), with 0i, 02 S 
^'(F^), which obey the reducibility conditions ([29l) : 

0X'8)J^~\ 0X'8)J^, with0e*(F^). 
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We get only one M^^'-orbit of characters. 
Case 2: The curve of reducibihty £2 = = *H is given by 



£2 = 



We write down all the nonunitary quasicharacters of T which obey the 
reducibility conditions (1^ : 

tpX^?) ipi^~^X: V'X ® "0^X7 with -0 G ^(-f^ ). 

We get only one VF^-orbit of characters. Indeed, 

• the family of characters {ipx V'^X • "0 G ^(^^)}: with the change of 
variable := ^pv^^^ is {0i/~^/^x'8' 4>v^^'^X ■ 4> € '^{F^)}] 

• the family of characters {0x ® ipi^~^X '■ "0 G with the change 
of variable <j) := ipi^^^/^ is {0i/^/^x 0z^^-^/^x ^ <= ^l-P"^)}; by 
applying a, we then get {0i^~^/^x ^ 4>v^/'^x ■ ^ 

□ 

Lemma 6.3. T/ie cocharacters are as follows: 
which leads to 

TTriv) = 7r(/lb,(T) • v) 

for all V in the hi-component, i € {0,e}. 

Proof. We apply Lemma lOI For all v E /W^ we have 

If u ^ £U we have |«tc-b('^)I = 1 = the other hand, for each 

V (z £ U £' , from Lemma 15.51 we have 

^(«TcB(«)) = N?cs(")l=2=k^M|, 

due to Lemma Em □ 



Lemma 6.4. Part (4) of Theorem l 1 . 5\ is true for the points s — [T, x^IIg; with x 
ramified non quadratic and a — \T,x® k\g, with x ramified neither quadratic nor 
cubic. 

Proof. The semisimple elements v^a are always related as follows a = ti ^{v). 
Let ry^ : [T"^ / /W^) — Irr(J'') be the bijection which is induced by the Morita 
equivalences in gS]). Then the definition dTS]) of /i" : {T"^ //W^) Irr(G')'' gives: 



V^,„^,i, ifi;G(TV/l^=)b.. 
Now the infinitesimal character of „ p is a, therefore the map /i^ satisfies 

inf.ch. o — TT 

□ 

Lemma 6.5. Part (5) of Theorem l 1.5\ is true. 
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Proof. As for the compact extended quotient, this is accounted for as follows: The 
compact quotient E/W is sent to the unitary principal series 

WiX V'2X) : V'i,V'2G«'(J^^)}/M^' 
and the other component U{1) to the intermediate unitary series 

□ 

7. The case = SL(3, C) 

We assume in this section that Xi = X2 = Xj with x a ramified character of order 
3. We have 

s=[T,x® x]g = [T, X^' ® X"']g ^[T,x® X-']g = [T, X^' ® x]g- 
It follows from (gS]) that 

(49) — {e, a, bab, abab, baba, ababa} = S3. 

We have a = Sq and bab = Sa+13. We observe that the root lattice Zq;0Z(q; + /?) 
equals X{T). It follows that (as defined in ([3])) is the extended affine Weyl 
group of the p-adic group Gg = PGL(3, F). 

There are 3 two-sided cells do, di, dg in W^, they are in bijection the 3 unipotent 
classes of SL(3, C). The two-sided cell dp corresponds to the trivial unipotent class, 
di corresponds to the subregular unipotent class, and de corresponds to the regular 
unipotent one. Hence we have dp < di < dg and dg, di, dp correspond respectively 
to the partitions (3), (2, 1) and (1, 1, 1) of 3. We will denote elements in the three 
unipotent classes by 1, ui, (trivial, subregular, regular). The group admits 
3 conjugacy classes: {e}, {a, bab, ababa} and {abab, baba}. We recall that r — ba. 

Definition. We define the following partition of T"^ //W^: 

(50) T'^/fW = {Ty/W^d, U {T'^f/WU U (TV/W^=)do, 
where 

(TV/W^')d. := (T^)'^VZ(^'), 
{TV/W')d, ■■= (T^)7Z(a), 
(T^//W^)do - T^'/W. 

Lemma 7.1. We have 

(T^//VF^)d, - phUphUpts 
{TVlW')d, = C>< 

E''//W^ = {ptiUpt2UpU)UU{l)UE'' /W, 

and ^morita 0{T'^ //W), where 

Jd^ C'((r^//VK")dJ, 
Jd, 

Jdo 0{{T''//W')do)- 
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Proof. Wc have Zivs(a) = {e,a} and Zw^iabab) — {e,abab,baba}. Let D := 
and E := E^. We obtain 

D" ^ {{t,t) : tcC''] and D''^"'' = {{t,r^) : t e C") . 

Case by case analysis. 

. d = d„ c - abab. X-jZw^c) = {(1, 1), (j,^^), (_j-2^^-)} ^ E-jZw^^c), 
where j is a primitive third root of unity. The points (1, 1), ,j) 
belong to 3 different Zvi/s (c)-orbits. Therefore 

D^/Zw^- (c) = E^/Zw^ (c) = pti U pt2 U pts.. 

• d = di, c = a. D'^/Zw^ic) = = C . 

E-/Zw4c)=E- = {{t,t):teU{l)}. 

• d = do, c = 1. D'^/Zw- (c) = D/VF^. £;7Zh^. (c) = 

We have = Jd^ + Jdi + Jda and (see |2] proof of Theorem 4]): 

"-^de ^niorita ^ ; ^di ^niorita ), <-^do ^ morita /M^ ). 

It gives 

(51) Jd, --^o^ta 0((T^//VK=)dJ, for i e {e, 1,0}. 

□ 

Lemma 7.2. T/ie /Zai family is given by 

Xr : (x- T^y = 0) U (i,r-Y) U (/,t-2j). 

Proof. We write down all the quasicharacters of T which obey the reducibility 
conditions (l29l): 



1. 4'x®'4' '^^x 

^^'l^^f^^ with^evl.(FX). 

4. -0 X®''Px 

We get only one Ty-orbit of characters. Indeed, 

6: the family of characters {ipx ® i^'^X ■ "0 G ^(i^^)}, with the change of 

variable 4> '■= i^v^^'^ is {(j)v~^/'^x® 4"^^^'^X '■ 4> ^ *(F^)}; 
5: the family of characters {4>X ® V"^~^X • "0 ^ ^'(-F"^)}, with the change of 

variable (p :— ifjv^'^/'^ is {4>v'^/'^x® 4"^~^^^X ■ ^ ^'(-P^)}; by applying a, 

we then get (g) ^^^^/^x : S *(F^)}; 

4: we have baba{tp~^i'~^x V'x) — V'X '8' V'^^Xi which belongs to the family of 

characters in 6; 

3: we have baba{ip~'^h'x V'x) = V'X '8* V'^^^^X: which belongs to the family of 
characters in 5; 

2: we have bab{ipx ® ip~'^i'~^x) = V'X '8) V'^^X: which belongs to the family of 
characters in 6; 

1: we have bab{'ipx ® V'^^'^x) — V'X ^ '4"^~^Xj which belongs to the family of 
characters in 5. 
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The mduccd representations ^^"^x® <t>i^^^'^x) • are parametri- 

zed by { (zg^/^, zq-^/^) : z e } = {(z,zg-i) : z e C^}. □ 

We set 

Vb^ {z,q^^z), where z ^ 
Lemma 7.3. Define, for each two-sided cell d ofWl, cocharacters as follows: 

hd„ = l, hd,{T) ^ {l,T^^) /ori = l,e. 
Then, for all y G /W^ we have 

k^(y)l = \4cBiy)\- 

Proof liyi {ya,ya,ya,yb}, then we have li^^giy)] = 1 = |7r^(y)|. On the other 
hand, Lemma [^31 gives 

\^TcB{yb)\ = 2 = \7T^{yb)\. 
This leads to the following points of length 4: 

X<S)'^X, UJX®vuJX, uJ^X®vu?Xi v~'^X®X-, v~^'^X®'^X-, X ® ^"^ X, 

where uj denotes an unramified cubic character of i^^. Since 

baba[v^'^ X ® X) = X®^X^ 
baba{v~^ujX ® <^x) — ^X ® ^^X^ 
baba{i'~^uj'^X®^'^x) = w^x (g) i^w^x, 

this leads to exactly 3 points in the Bernstein variety fl^{G) which parametrize 
representations of length 4, namely 

[T,x®'yx]G, [T,ux®iyujx]G, [T,w\(E)1'uj^x]g- 

The coordinates of these points in the algebraic surface ft^{G) are ya, y'a, y'a: 
respectively. 

We will now compute a correcting system of cocharacters. The extended quotient 
T'^ //W^ is a disjoint union of 5 irreducible components Zi, Zi, . . ., Z5. Our 
notation is such that Zi = pti, Z2 = pt2, Z^i = ptg, Z4 ~ A\ Z5 = T'^ jW. 

In the following table, the first column comprises 5 irreducible components X\, 
. . ., X5 of for which p^{Xj) — Zj, f = 1, . . . , 5. Let [zi, Z2] denote the image 
of (zi,Z2) via the standard quotient map : T'^/W^, so that [zi,Z2] — 

■ (zi,Z2). When the first column itemizes the pairs {w,t) G , the second 
column itemizes p^{hj {T)t) . The third column itemizes the corresponding correcting 
cocharacters. 





^((a6)2,(l,l)) 
= {{ab)Mj,f)) 
= {{ab)Mf,j)) 




hiir) 










/12(t) 


= (l,r- 




X3 










Xi 


= {(a,(z,z)):zeCX} 


{[z,T-^z] -.zeC"} 








X5 


= {(e, (zi,Z2)) : zi,Z2 G € 


;x} {[zi,Z2] :zi,Z2eCX} 


^5(t) 


= 1 





It is now clear that cocharacters can assigned to two-sided cells as follows: 
/ic(t) = (1, T^^) if d = di, de, and hdg = 1. 
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The map tt ^ sends the two distinct points (1/^, 1 j ^fq) and (y^, ^Jq) in D°- jT^w^ (a) 
the affine hne attached to the cell di, to the one point ya G D/W^ since {l,q^^), 
{q, 1) are in the same W^^-orbit: {l,q^^) ^taba (q, !)• 

We have 

^^iVa) = {l,q'')),p'iiab)^ (1, l)),p'ia, (1, l)),p^(a, {q,q))} . 

It follows that 

k^(ya)| = 4= |igcB(2/a)|. 

Similarly we obtain that |7r^(2;;)| = In^iv'^l = 4 = li^cslj/a)! = l^TcsiVa)]- 

□ 

Lemma 7.4. Part (4) of Theorem \1.5\ is true for the point 
when X is a cubic ramified character of . 

Proof. The semisimple elements y, a below are always related as follows: 

Let 77^: {T^^ / /W^) — >■ Irr(J^) be the bijection which is induced by the Morita 
equivalences in (|5T]). Then the definition ^ of fx^ : [T"^ //W") Irr(G)^ gives: 



IKm.i^ ifye (rVW^^)d, 



the three isolated points are sent to the L-indistinguishable elements in the discrete 
series which has inertial support s: 

Now the infinitesimal character of „ p is cr, therefore the map /i^ satisfies 

inf.ch. o ~ TT 

□ 

Lemma 7.5. Part (5) of Theorem \l.,5\ is true in this case. 

Proof. It follows from (21] Prop. 1.1, p. 469] that S{x) (viewed as a representation 
of Ma) is the unique subrepresentation of /"(i/^/^x (g) v^^^^x)- So it has inertial 
support [T, z/^/^x ^ '^"^^^xIa/o • It implies that Ia{0,S{x)) has inertial support 
[T, 1,^/^x ® '^"'/'xIg = [T, X <»x]g = s. 

If we look at M^, still from [21] Prop. 1.1, p. 469], we see that 5{x) (here viewed 
as a representation of M^) is the unique subrepresentation of /'^(i^^^/^x'X'J^). Hence 
it has inertial support [T, i^^^/^x <^ Hm^s- It follows that Ip{0,S{x)) has inertial 
support [T, i^~^/^x ® = [r, X "Xi 1]g, which is not equal to s, because x '8) 1 does 
not belong to the W^-orbit oi x'^ X (see also Proposition l5.4p . 

Hence the compact extended quotient is accounted for as follows: The compact 
quotient E/W is sent to the unitary principal series 

{/(^iX®^2X: V'i,V'2 e *(F><)}/I¥^ 

the component U{1) to the intermediate unitary series 

{/40,5(^x)):V'evi/'(i^x)}, 
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and the 3 isolated points pti, pt2, pt^ are sent to the 3 elements in the discrete 
series 

7r(x) C /(J^X«)X), 7r(a;x) C /(i/wx^wx), 7r(w2x) C /(i^w^x '^^x)- 

□ 

8. The case i7= = S0(4,C) 

We assume in this section that Xi = X2 = X with x a ramified quadratic char- 
acter. It follows from ([3T|) that 

s = [r, X ® x]g = [T, X ® 1]g = [T, 1 ® x]g. 

From (gS]), we get 

(52) ~ {e,a,babab,bababa} = {e,a,r^ ,ar^] 

= (Sa,S3a+2/3) = Z/2Z X Z/2Z. 

We recall that Q'' C -'^(T) denotes the root lattice of We have 

(53) Q'' = Za® Z(3a + 2/3). 

Hence is strictly contained in X{T), see ([26)) . This shows that the group is 
not simply connected. Setting V :— ®i Q, we define the weight lattice P^, as 
in [g chap. VI, 1.9], by 

P^ := {x e : < x, 7 >e Z, V7 G ^^'^j . 

We have 

P^ = iza® iz(3a + 2^). 

Hence -'^(P) is strictly contained in P^. This shows that the is not of adjoint 
type. Now, let denote the subgroup of X{T) orthogonal to We see that 

Xq = {0}. This means that the group is semisimple. Hence is isomorphic 
to S0(4,C). The group S0(4, C) is isomorphic to the quotient group (SL(2,C) x 
SL(2,C))/(-I,-I), where I is the identity in SL(2,C). 

The group admits 4 unipotent classes eg, ei, e'j^, e^. The closure order on 
unipotent classes is the following: 

ee 
/ \ 
ei e'l . 

\ / 
eo 

We have 

Definition. We define the following partition of T"^ //W^: 

(54) T-'/fW = (T^//VF^)e, U (r^//I¥^)e, U (T^//W^=)e; U (T^//I^=)eo, 
where 

(T^//I^^)e, ptlUpt2, 
(TV/I^^)e, := (r^)7Z(a)=Ai, 
{T^//W%, := {T^r" /Z{ar^) = A\ 
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with pti :— (1, 1), pt2 ■— (—1, —1) and pt* := (1, —1) (—1, !)■ 

Note. On the contrary to the definitions in the previous cases, the above 
definition docs not correspond to a partition of the conjugacy classes in W indexed 
by unipotent classes in . Indeed, we get the following correspondence between 
conjugacy classes in W and unipotent classes in G^: 

• (a) corresponds to the unipotent class in corresponding to ei, 

• (ar^) corresponds to the unipotent class in corresponding to e'^, 

• (e) corresponds to the class in G^ corresponding to Bq, 

• (r^) corresponds to both the unipotent class in G^ corresponding to eg 
and the unipotent class in G^ corresponding to eo- 

Lemma 8.1. We have 

T'^/fW = {ptlUpt2)UA^UA^U{T'^^/W'UpU) 
Ey/W^ = {ptiiApt2)UlUlU{EyW^UpQ. 

Moreover, we have a ring isomorphism 

CiT^'/W] - C[X,Y]o, 

where C[X,Y]q denotes the coordinate ring of the quotient of by the action of 
Z/2Z which reverses each vector. 
We have x 0{T^ //W^, where 

Proof. 1. Extended quotient: Let D = = . We give the case-by-case analysis. 

• c = e. DyZ{c) ^ D/W'. 

• c = a. D'' = {{t,t) :teC^}. 

D7z(c) = {{{t, t), r \ r 1)} :teC-}^A\ 

• c = r^. D" = {(1,1), (1,-1), (-1,1), (-1,-1)}. Therefore Dyz{c) = 
pti U pt2 U ptt . 

• c=ar^. D'' = {{t,t-^) :teC^}. 

DyZ{c) = {{{t,t-^), {t-\t)} : t e C^} ^ A\ 

Let M[u] := C[u,u~^] denotes the Z/2Z-graded algebra of Laurent polynomials 
in one indeterminate u. Let a denote the generator of Z/2Z. The group Z/2Z acts 
as automorphism of M[u], with a{u) =u~^. We define 

h[u] := {P e U[u] : a{P) = P} 

as the algebra of balanced Laurent polynomials in u. 

Let be the maximal torus of SL(2, C) x SL(2,C). Then the coordinate ring 
C[T^/W^] is L[u] Uv]. The map 

{u+l/u,v+l/v) ^ {X,Y) 

sends C[T^/W*] to C[X, F] (the polynomial algebra in two indeterminates X, Y), 
a ring isomorphism. The coordinate ring of an affine plane A^. 

Recall that T"^ is the standard maximal torus in iJ^ ^ (SL(2, C)xSL(2, C))/(-I, -I). 
Hence it follows that C[T^/W^] is the ring of balanced polynomials in u, v which 
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are fixed under {u,v) i— >■ (— u, — w). These polynomials correspond to those poly- 
nomials in X, Y which are fixed under {X, Y) i-> {—X, —Y). Therefore we have a 
ring isomorphism C[r^/TV=] - C[X, Y]q. 

2. Compact extended quotient: 

E'/W UlUlUptUptUpt^ Ey/W. 

The group Wl (see ([3])) is the extended affine Weyl group of the p-adic group 
(SL(2,F) X SL(2,F))/(-I, -I), which admits as Langlands dual. 

3. Extended afiine Weyl group: 

We will describe the group W^. Let X be the cocharacter group of a maximal 
torus of PGL(2, F) x PGL(2, F), and let Wi := W x X. Then is a subgroup 
ofW^. 

Let W2 be the extended affine Weyl group corresponding to PGL(2,_F), that is 
W2 = Z/2Z X X2, where X2 is the cocharacter of a maximal torus of PGL(2,i^) 
and Z/2Z = {e,a}. Let t ^ a he the other simple reflection in W2. In W2 there 
exists a unique element g of order 2 such that gag — t. It is known that the length 
of g is 0. Let W2 be a copy of W2- The simple reflections in W2 will be denoted 
by a' = ar^ , t' correspondingly. Denote by g' the element corresponding to g, then 
{g'f = e and g'a'g' = t' . Then Wl = 1^2 x and Wl is the subgroup of Wl 
generated by gg' , a, t, a', t'. 

4. Asymptotic Hecke algebra: Since is a subgroup of W^, its based ring of 
can be described as a subring of the based ring of the latter. 

• From the above description, we see that the two-sided cell of consists 
of e and gg' and that its based ring is isomorphic to the group algebra of Z/2Z. It 
follows that Je^ is Morita equivalent to C ® C. Hence we have 

(55) Jl--,nor^taO{{T'^//W%J. 

• Let U2 be the subgroup of generated by gg', a, t, then the map which 
sends gg' to a to a, t to t defines an isomorphism from U2 to W2. Thus ei is the 
lowest two-sided cell of U2, which equals U2 — {e,gg'}. Therefore the based ring 
of ei is isomorphic to M2(-R), where R denotes the representation ring of SL(2, C). 
Hence the based ring of ei is clearly Morita equivalent to i?, but R is isomorphic to 
the polynomial ring Z[w] in one variable. It follows that Je^ is Morita equivalent to 
C[u], where u is an indeterminate. From the first part of the Lemma, we get that 

(56) Jl,-^or^taO{{T^ l/W'U). 

• Similarly, let be the subgroup of generated by gg' , a', t' , then the map 
which send gg' to g, a' to a, t' to t defines an isomorphism from U2 to W2. Thus e'l 
is the lowest two-sided cell of U2, which equals U2 — {e,gg'}. So the based ring of 
e'l is isomorphic to M2(i?), which is also Morita equivalent to the polynomial ring 
Z[u] in one variable. From the first part of the Lemma, we obtain that 

(57) J5 ^morita 

• Let X denote the fundamental cocharacter of X2 and write the operation in X2 
by multiplication. For the fundamental cocharacter x, we still use x if it is regarded 
as an element in W2 and denote it by x' if it is regarded as an element in W2 ■ Let a 
be the non-unit element of Z/2Z. For the element a, we still use a if it is regarded 
as an element in W2 and denote it by a' if it is regarded as an element in W2 ■ In 
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w £ eo 




(aa;"')(a'x'"), m,n > 0, m + n even 


Vii(m) (g) Vii(n) 


(aa:™)(a;'"), m>0, n> 1, m + n even 


Vii(TO)®F2i(n- 1) 


(aa:™)(a'a;'"), m > 0, n < —2, m + n even 


Vii{m) V22{-n - 2) 


{ax™){x'"), m > 0, n < —1, m + n even 


Vii{m) ® Vi2i-n - 1) 


(a;"')(a'a;'"), m > 1, n > 0, m + ?t. even 


V^2i(TO-l)(g)Fii(n) 


(a;'")(a;'"), m>l,n>l,m + n even 


1^21 (to - 1) (8) 1^21 - 1) 


(a:™)(a'x'"), m > 1, n < —2, m + n even 


y2i(m-l)(g)\/22(-«-2) 


(a:'")(a;'"), to > 1, n < —1, m + n even 


V2i(to - 1) (g) Vi2(-n - 1) 


(aa:™)(a'x'"'), m < —2, n > 0, to + n even 


y22(-™-2)(X) Vii(n) 


(aa:™)(x'"'), to < —2, n > 1, to + n even 


y22(-™-2)(g)F2i(n-l) 


(ax™)(a'x'"), m < —2, n < —2, to + n even 


y22(-TO-2)(gF22(-n-2) 


(aa;™)(a;'"), to < —2, n < —1, m + n even 


1^22(-TO-2)®T/i2(-n-l) 


(a:™)(a'x'"), to < —1, n > 0, m + n even 


yi2(-TO- 1)® Vii(n) 


(a:™)(a;"), to < —1, n > 1, m + n even 


Vi2{-m- 1) «) F2i(n- 1) 


(a:™)(a'x'"), to < —1, n < —2, to + n even 


Vl2(-TO - 1) «) F22(-ri - 2) 


(a;'")(x'"), TO< —1, n < —1, m + n even 


yi2(-TO-i)®yi2(-n-i) 



Table 2. the map w i-)- K 



this way is the subgroup of which consists of the elements (a™a;*)(a'"a;'^) 
with TO + n even and i, j e {0, 1}. 

The lowest two-sided cell eo of consists of the 16 elements which are listed 
in the first column of Table O (Removing the restriction on to + n, these elements 
form the lowest two-sided cell Gq of W^). 

Let V{£) be the irreducible representation of SL2(C) of highest weight £ and let 
Vij{£) be the element in M2(i?) whose entry is V{£) and other entries are 0. 
Then it follows from [28l Theorem 1.10 and its proof in § 4.4] that the based ring 
of §0 is isomorphic to M2{R) M2{R), and that the element in M2{R) (g) M2{R), 
denoted by V^, corresponding to t^, for w G Gq, is given by Tabled 

Then the based ring of Gq is isomorphic to the subring of M2(i?) <8)z M2(i?) 
spanned by the elements {rijV {rriij)) [tIiV (uki)) , with condition to^ + Uki + i + 
j + k + I is even, where all Tij and r^j are integers. Hence Je^ is isomorphic to the 
subring of M2{C[X]) <g)c M2(C[r]) spanned by the elements (ryz"'^) (g) (r^,^"'='), 
with condition to^ + riki + i + i + k + l is even, where all Tij and t^; are integers. 

The above parity condition is: niij+bki+i+j + k+l even. For example, mu+nu 
is even, TO22 + nu is even, TO12 -I- rin is odd, TO21 -I- nu is odd, TO12 -|- ni2 is even, 
^21 + n2i is even, TO22 + '^22 is even; so we are allowed monomials of even degree 
on the diagonals of both matrices, monomials of odd degree on the off-diagonals of 
both matrices OR the same thing with reversed parity. Taking the span, we realize 
all even polynomials on the diagonal, all odd polynomials on the off-diagonal in 
both matrices OR the same thing with reversed parity. 

In other words, the ring M2(C[X]) is Z2-graded: 

- (M2(C[X]))o: = even polynomials on the diagonal, odd polynomials on the 
off-diagonal; 

- (M2(C[X]))i: — odd polynomials on the diagonal, even polynomials on the 
off-diagonal. 
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Consider the Za-graded tensor product n[X,Y] := M2{C[X]) (^c M2(C[y]). Then 
Jeo is isomorphic to the even part ]B[X, FJo of B[X, F]. 

Give C[X, y] a Z2-grading by the convention that a monomial X"^Y" is even 
(odd) according to the parity oi m + n. Form the algebra M4(C[X, Y]). Give this 
a Z2-grading by saying that the even (resp. odd) elements are those which have a 
2 X 2-block in the upper left corner consisting of even (resp. odd) polynomials, a 
2 X 2-block in the lower right corner consisting of even (resp. odd) polynomials, a 
2 X 2-block in the lower left corner consisting of odd (resp. even) polynomials, a 
2 X 2-block in the upper right corner consisting of odd (resp. even) polynomials. 

Then the even part of M2(C[X]) (g) M2(C[y]) is isomorphic to the even part of 
M4{C[X,Y]) — i.e., as Zs-graded algebras M2(C[X]) 0M2(C[F]) and M4{C[X,Y]) 
are isomorphic. 

Let M4(C[X, Y])o consist of all 4 x 4-matrices with entries in C[X, Y] such that: 
the upper left 2x2 block and the lower right 2x2 block are 2x2 matrices with 
entries in C[X, y]o and the lower left 2x2 block and the upper right 2x2 block 
are 2 X 2 matrices with entries in C[X, y]i. Let P{X,Y) = {Pij{X,Y))i<ij<4 be 
an element of M4(C[X, Y]). We write P{X, y) as a 2 x 2 block matrice as 

nA,rj yp(^x,Y)2,i P{X,Yh.2 

where P{X,Y)ij e M2{C[X,Y]), for i,j € {1,2}. Hence the matrix P{X,Y) is in 
M4(C[X,y])o if and only if we have, for i,j e {1,2}, 

P{X,Y)i,i e M2(C[X,y]o) and P{X,Y)ij e M2(C[X,y]i) if i ^j. 

If {z, z') is a pair of complex numbers, then evaluation at {z, z') gives an algebra 
homomorphism 

ev(,,,,): M4(C[X,y])o^M4(C) 
P{X,Y) ^ P{z,z'). 

The algebra homomorphism ev(^z,z') is surjective except when {z, b) = (0, 0). In the 
case {z,z') = (0,0) the image of ev(2_2') is the subalgebra of M4(C) consisting of 
all 4 x 4 matrices of complex numbers such that the lower left 2x2 block and the 
upper right 2x2 block are zero — i.e., the image is M2(C) ® M2(C) embedded in 
the usual way in M4(C). So except for {z,z') = (0,0) we have a simple module, 
say M(^z,z')- When {z, z') = (0, 0) wc have a module which is the direct sum of two 
simple modules, that we denote by M'^^ and M^'p . 
Since we have 

^2 ^\p(..r.fh Oy'_ / P(z,z')l,l -P{z,z')i,2 
-h)"^^''' )[0 -hj - [-P(z,z'b)2.1 P{Z,Z')2,2 

P{-Z,-Z%i P(-Z,-Z')l,2 
P(-^,-^')2,l ^(-^,-^')2,2 

the matrix ^ ^ conjugates the simple modules M(^z,z') and M(_2 .^z). 

On the other hand, let {zi,z[) be a pair of complex numbers such that {zi,z[) ^ 
{(z, z'), (— z, —z')}. Then there exists an even polynomial Q{X, Y) such that Q{zi, z[) ^ 
Q{z, z'). Indeed, 

• if zi ^ {z, —z}, we can take Q{X, Y) = X"^, 

• if zi = z, we can take Q{X, Y) = XY (since then z'l ^ z'), 
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• a zi ~ —z, we can take Q{X, Y) 
Consider the matrix 



XY (since then z'l ^ —z'). 



Q{X,Y) 



fQ{X,Y) 



V 



0\ 





0/ 



e{PiX,Y)) = 



We have ev(2 Y)) ^ ev(2j^ ^/j Y)). It follows that the simple modules 

and Mi-^^ are not isomorphic. 

Let A = M4(C[X, Y]) and let T := {l,e}, where e: Ais defined by 

p(-x,-r)i,i -p(-x,-y)i.2' 

-P(-X,-r)2,l P{-X,-Y)2,2, 

From Lemma [5.61 we know that the unital C-algebras A^ and {A xi r)er(v4 ><j F) 
are Morita equivalent. Here er = ^(1 + e). 

We embed A into the crossed product algebra A xi F by sending P{X, Y) to 
P{X, Y)[l]. For 1 < j < 4, let ii'ij- € ^ be the matrix with entry equal to 1 
and all the other entries equal to 0. We have 

S3,i([l] + M) = i^3,i[l] +^3,i[£] and ([1] + [e])S3a - E^A^] - E^A^]- 
We get 

i?3,i[l] = (^i?3,i)([l] + M) + ([1] + [em^E^A, 

it follows that i?3.i[l] belongs to the two-sided ideal ([1] + [e]). 

Since = Ei^^iE^A'^]), it gives that G ([1] + [e]) for each i. Since 

= (EiA^])Eij, then we get that Eij[l] e ([1] + [e]) for any Hence we 
have proved that 

(.4 X r)er{A x F) = A >^ F. 

It follows that the unital C-algebras A^ and A yi T are Morita equivalent. 

Thus we have proved that for M4{C[X, Y])o = A^ the M^,^' with (z, z') ^ (0, 0), 
and M^'p , M^'p are (up to isomorphism) all the simple modules and that they 
are distinct except that M(_z,z') and AI(^_z,-z') are isomorphic. 

Let J' be the ideal in M4{C[X, Y])o which (by definition) is the pre- image with 
respect to ev(o,o) of M2(C) ® {0}. Then ev(^_^/) surjects J onto M4(C) except at 
(z,z') = (0,0), and ev(o,o) surjects J onto M2(C) ® {0}. In C[X,Y]q ® C let Z be 
the ideal C[X, Y]o {0}. Consider the two filtrations 

{0} C ^ C M4(C[X, Y])o 

{0} cic c[x, r]oec. 

Let i5o be the algebra homomorphism 

5o: C[X,Y]o®C~^Mi{C[X,Y])o 

fP{X,Y) 0\ 



{P{X,Y),z)^ 



V 




z 









where the complex number z is viewed as an even polynomial of degree zero. 

We view the ideal as an algebra. We recall that k = C[X,Y]o. Then k is 
a unital finitely generated free commutative algebra. Hence k is the coordinate 
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algebra of an afBne variety, the variety C^/(z, z') ^ {^z, — z'), thus k is noetherian. 
It follows that B := M4(C[X, y]o) is a fc-algebra of finite type. This implies that 
J7 is a A:-algebra of finite type. Therefore any simple ^J-module, as a vector space 
over C is finitely dimensional. 

Hence any simple J^-module gives a surjection 

^^M„(C), 

and, by using Lemma lS.?) extends uniquely to a simple _B-module. 

It follows that 60 is spectrum preserving with respect to these filtrations. 

This proves that J^^ is geometrically equivalent to C[X, Fjo C. This is the 
coordinate ring of the extended quotient (A^)// (Z/2Z), see first part of the Lemma. 
Hence we have 

(58) J4xO((TV/M/^)eJ. 

□ 

Note. When the complex reductive group is simply-connected, we show in [21 
Theorem 4] that we have 

where Cq is the lowest two-sided cell. This geometrical equivalence is a Morita 
equivalence. This result depends on results of Lusztig-Xi. The above phenomenon, 
namely 

where Gq is the lowest two-sided cell, is a consequence of the fact that is not 
simply-connected. This geometrical equivalence is not a Morita equivalence, nor 
is it spectrum-preserving. It is spectrum-preserving with respect to a filtration of 
length 2. 

The algebraic variety {T^^ //W^)eo has two irreducible components, the primitive 
ideal space of J^^ does not. Hence the bijection /i^ is not a homcomorphism. This 
implies in particular, by using |4l Theorem 2], that there cannot exist a spectrum 
preserving morphism from (T'^ //W^)eo to J|^^. 

Lemma 8.2. The flat family is given by 

Xr:{x-T^y){l-T^xy) = U {(1,-1)}. 

Proof. We now write down all the nonunitary quasicharacters of T which obey 
the reducibility conditions p9|: 

ip~^X®i'^X, i'X® ''P'^^'^X^ i'X'S^i'^^^X^ i'X^i'^X^ with ?/; g ^'(i^^). 
Note that 

• the last two characters are in one M^-orbit, namely 

{^x®'^vx ■■ -0 e ^'(f )} 

which, with the same change of variable is 
Since 



hahah{(t>v~'^'^X <t)v^'^x) = <t>^^v-^''^X ® <l>^'^v^'^X, 
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the induced representations 

are parametrized by an algebraic curve £i. A point on £i has coordinates 
the unordered pair {zy^, z/y/g}. 
• the first two characters are in another ly-orbit, namely 

which with the change of variable (f) :— tpv-^/^ is 

Since 

the induced representations 

are parametrized by the algebraic curve (C^)/Z/2Z. We shall refer to this 
curve as €'i . A point on €'i has coordinates the unordered pair { z ^ ^ / ^/q, z / ^} 
with z e 

The coordinate ring of £i or is the ring of balanced Laurent polynomials in 
one indeterminate t. The map t + 1^^ t-^ x then secures an isomorphism 

and so 

the afhne line. 

The algebraic curves £i and €-1 intersect in two points, namely 

2q X «) f^X = (1, 9"^), Za := ex «> ;^ex = (-1, -'7"^)- 

According to the next paragraph, these are the points of length 4 and multiplicity 
1. 

On the other hand, we note that 

/(ex X) := Ind^c/(eX x) = ® 
by [m G2 Theorem], since x, ex are distinct characters of order 2. □ 

We define Zb and z^ as 

Zb := 1^1/ V"'X ® i^'^Vx = (^"VV9, 

zd ® i^^/^V' = (^yg, ^/V?)- 

Lemma 8.3. Define, for each two-sided cell e oJWl, cocharacters hg as follows: 

/ie(T) = (l,r"^) i/e = Ge, ei, e'l, andh^o^l, 

and define tTt-^x) = 7r(/ie(T) • x) for all x in the e-component. Then, for all t G 
T'^/W^ we have 
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Proof. We observe that 
Then Lemma 15.51 gives : 

Ntc-b(OI =2 iH = Zb, Zd, 

NtcsWI =4 if t = Za, 2c. 

This leads to the following points of length 4: 

X'^'^X, eX^i^eX: '^"^X'^X, i^'^ex^ex 

Since 

babab{i^^^X ®x) — X®^X 
babab{v~^eX ^x) = ex ® t^ex 
this leads to exactly 2 points in the Bernstein variety il^{G) which parametrize 
representations of length 4, namely [T, x^'^xIg and [T, ex'X'i^exlG- The coordinates 
of these points in the algebraic surface fl'^{G) are {l,q~^) and (— 1,— g^^). 

We will now compute a correcting system of cocharacters (see the paragraph after 
Theorem 1.5). The extended quotient //W^ is a disjoint union of 6 irreducible 
components Zi, Z2, ■ ■ Zq. Our notation is such that Zi = pti, Z2 = pt2j .^3 ~ A^, 
Zi ~ A\ Z5 = pU, Zq = T'^/W. 

In the following table, the first column comprises 6 irreducible components 
Xi,. . . ,Xq of for which p^{Xj) — Zj, j ^ 1, . . . ,6. Let [zi, Z2] denote the im- 
age of (zi, Z2) via the standard quotient map : — > T"^ /W^, so that [zi, Z2] — 
■ (zi, Z2). When the first column itemizes the pairs (w, t) e T^, the second col- 
umn itemizes p^{hj[T)t). The third column itemizes the corresponding correcting 
cocharacters. 

X^ = {r^{l^)) [l,T-2] /ii(T) = (l,r-2) 

X2 = (r3,(-1,-1)) hl,-r-2] h2{T) 

X3 = {(a,(z,z)):zeCX} [2,^] /i3(r) 

X4 = {(ar3,(z,z-i)):zeC^} [z,t-^z] hi{T) 
X5 = (r3,(l,-1)) [1,-1] /i5(r) 

= {(e, (zi,Z2)) : zi,Z2 e C^} {[zi, Z2] : zi, Z2 G C^} /i6(t) 

It is now clear that cocharacters can assigned to two-sided cells as follows: 
/ie(r) = (1,T"2-) if e = ee,ei,e[, and h^o = 1- 
We have for instance 

^^i^a) = {p'ie, (1, q-')),p'ir^ (1, l)),p^a, (1, 1)), p^(ar^ (1, 1))} , 

^^i^c) = {p=(e, (-1, -q-')),p^r\ (-1, -1)), p^(a, (-1, -1)), ^^(ar^, (-1, -1))} . 
We have 

^^(t)! =2 if t = Zb,Zd, 
if t = z„,z,. 

Finally, we define z* := ex'X'X = (^Ijl)- Then we have 

7r'J,iz.) = {p^e,i-hl)),p'irM~l,l))} . 

Hence 

□ 



= (l,r-2) 
= 1 
= 1 
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Lemma 8.4. Part (4) of Theorem \1.5\ is true for the point 
where x is a ramified quadratic character of . 

Proof. This proof requires a detailed analysis of the associated isTL-parameters. We 
recall (see the beginning of section [S]) that 

H' ^ SL(2, C) X SL(2, C)/(-I, -I). 

We recall also the beginning of section |8] that the group admits 4 unipotent 
classes eg, ei, e'^, eg. We have the corresponding decomposition of the asymptotic 
algebra into ideals: 

— J^^ ® Jg^ ® Jg/^ ® J||j . 

We will write 

SL(2, C) X SL(2, C) — > H', (x, y) ^ [x, y], 



T 





for r G 



u 



1 1 

Recall that is the standard maximal torus in H^. We will write 

[Sr,Sr'] e T^. 

The group is generated by the element which exchanges r and r~^, and the 
element which exchanges r' and r' ^. 

We will now consider separately the 4 unipotent classes in H^. 

8.0.3. Case 1. We consider 

5:=[s^,s^]€r^, [u,..] 

These form a semisimple-unipotent-pair, i.e., 

SUS'^ = U". 

We note that the component group of the simultaneous centralizer of S and U 
is given by 

Z{S, U) = Z([s^, s^], [u, u]) = {[1,1], [I, -I]} = Z/2Z. 

We also have: 

Z([s^,s_^], [u,^/]) = {[1,1], [1,-1]} = Z/2Z. 

In each case, the associated variety of Borcl subgroups is a point, namely [5, h] 
where b is the standard Borel subgroup of SL(2, C). The if L-parameters are given 

by 

These two i^L-parameters correspond to the ideal J| in J^, for which we have 

Jl^-C® C. 

This is not an X-packet in the principal series of . 
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8.0.4. Case 2. For each t e C^, wc have 

Z([s^,s,],[w,I]) = Z/2Z. 

The associated variety of Borel subgroups comprises two points, namely [6, 6] and 
[6, h°] where h° is the opposite Borel subgroup, i.e. the lower-triangular matrices in 
SL(2,C). The component group Z/2Z acts on the homology of the two points as 
the trivial 2-dimensional representation. The i^TL-parameters in this case are given 

by 

These parameters correspond to the ideal of J^: 

xO(Ai). 

8.0.5. Case 3. We also have the /fL-parameters 

([Sr,Sy9],[I,M],l) 

with r G . These parameters correspond to the ideal of J'^: 

J=, X 0(Ai). 

8.0.6. Case 4- We need to consider the component group of the semisimple-unipotent- 
pair 

The component group of this semisimple-unipotent-pair is trivial unless t = r' = i, 
where i = denotes a square root of 1. In that case we have 

Z([si,Si],[I,I]) =Z/2Z. 

The associated variety of Borel subgroups of comprises 4 points: 

[b,b], [b,b°], [b",b] 

The generator of the component group Z/2Z switches b and b°. The 4 points span 
a vector space of dimension 4 on which Z/2Z acts by switching basis elements as 
follows: 

[b,b]-^[b\b°], [6,6°]^ [6°, fe] 
Therefore, Z/2Z acts as the direct sum of two copies of the regular representation 
1 ® sgn of Z/2Z. 

We recall that the equivalence relation among the i^Ti-parameters for is 
conjugacy in H^. The iCL-parameters in this case are 

with r, r' e C^, and 

([si,Si], [I, I], sgn). 

This corresponds to the ideal J^^^ C for which we have shown in equation ([58]) 
that 

X 0{T''/W') ® C. 

There is an L-packet in the principal series of with the following KL- 
parameters: 

([si,Si], [1,1], 1), ([si,Si], [I, I], sgn). 
The representations indexed by these i^L-parameters are tempered. The corre- 
sponding representations of G itself still belong to an i-packet (see the end of 
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subsection 12. 3p . These are the representations denoted tt"*" and tt^ in the proof of 
Lemma 18.51 

Throughout §8 we have been using the ring isomorphism 

induced by the map ( : — > defined by 

C{{zi,Z2)) {zi + z^^^2 + z^'^)- 

Note that this isomorphism sends (i, i) to (0,0) G A^. This is the unique point in 
the afhne space A^ which is fixed under the map {x, y) i~> (— x, — y). 
Consider the map 

from the set of simple J|-modules to the subset of Irr(G)^ such that [U, U] corre- 
sponds to the two-sided ceh e. This map induces a bijection which corresponds, at 
the level of modules of the Hecke algebra, to the bijection induced by the Lusztig 
map by the uniqueness property of 0^. 

□ 

Lemma 8.5. Part (5) of Theorem \1.5\ is true in this case. 

Proof. Wc start with the list of all those tempered representations of G2 which 
admit inertial support s (see Proposition 15. 4^ : 

/(V-iX ® ^2X) U /a(0, Si^x)) U 7r(x) U Tr{ex) U /^(O, S{^x)) 

where 

^1 := ^^2 z^^^^, ^ := z^^'^, w;™^^ 

are unramified characters of i^^ , and 

7r(x) C /(i^X® X), 7r(ex) C /(:^ex «> ex) 

are the elements in the discrete series described in 21, Prop. 4.1]. 
We recall from Lemma [8. II that 

sy/w^ = {Eyw^upt^)uiu {ptiUpt2)ui. 

Then the restriction of /i'^ to Irr'^(G)' is as follows: 

■ (21, 2^2) 1-^ Hi'iXi ^^2X2), 
unless zi = — 1, 22 = 1 in which case 

W ■ (-1,1) Upt* 7r+ ® TT", 

pti Upt2 ^ ■nix) LI 7r(ex). 
We note that {iPxY = V-^^X, so that /..^(O, (5(V'x)) = ACO'^lV-^V)) by [2T, where 
7 = a, /3. Finally, 

2K^/„(0,5(Vx)) and Ip{Q,5{<Px)). 

□ 
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